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Abstract
This thesis consists of three research papers [1–3], and an introduction which provides
some of the relevant background and additional discussions.
The work concentrates, as the title indicates, on the relation between fundamental
physics and the spectrum of CMB anisotropies. By fundamental physics we primarily
mean string theory. The thesis deals partly with the effect of fundamental physics
on the standard treatment of cosmic quantum fluctuations, and partly with the
phenomenology of CMB physics in an alternative scenario of cosmology, inspired by
string theory, called the pre-big bang scenario.
The thesis contains a self-contained introduction to both the standard theory of
inflation and the pre-big bang scenario. The issue of classical and quantum cosmological perturbations is considered in order to explain both the physics of the
trans-Planckian problem and the curvaton mechanism.
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Chapter 1
Preliminaries
Today, in the cosmology community, there are two schools of thought. From a typical particle physicist’s point of view the initial conditions of the universe must be
determined by symmetries and therefore must be definite, simple, and elegant. On
the other hand, an astrophysicist typically thinks in terms of dynamical principles
instead of symmetries and believes that the initial condition is some unknown, general, perhaps complicated state. Astrophysicists often speak about how likely a given
initial state is. Although the controversy is mostly a philosophical one, it is important for cosmological model building. Today, inflation as a scenario is associated with
the astrophysicist’s point of view, but it is interesting to reflect upon what the first
physicist to suggest inflation thought about the initial state of inflation. In the original paper from 1980 Starobinsky suggested an eternal de Sitter phase (inflationary
phase) and “after that, the Friedmann expansion with the effective equation of state
p = 0 takes place. In terms of the full quantum theory of gravity, the initial most
symmetric state can probably be thought of as an eigenstate of the curvature. This
scenario of the beginning of the universe is the extreme opposite of Misner’s initial
chaos.” [4]. Thus, when de Sitter inflation was first proposed, a part of the motivation was that it is a maximally symmetric space and therefore serves as an appealing
initial condition for the universe.

1.1

Introduction

There is continuous interest in what string theory has to say about cosmology. In this
thesis we explore two such possibilities. The standard scenario of the early universe
is based on slow roll inflation. In the first part of chapter 2 we review some aspects
of it, relevant for understanding how string effects (or so called trans-Planckian
effects) might influence the quantum fluctuations in the very early universe. In
chapter 3 we review the only model so far (Hassan and Sloth [3]), which consistently
incorporates the minimum length feature of string theory, and we show how it might
solve the problem of uniquely fixing the initial state of the perturbations in the
trans-Planckian regime. Also the novel feature called trans-Planckian damping is
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explained.
In second part of chapter 2, we review an alternative scenario of cosmology
based on string theory, called the pre-big bang scenario. The pre-big bang scenario
has been under intensive investigation for over a decade. Until recently, two of the
problems with this scenario were the graceful exit and the predicted spectrum of
CMB anisotropies. In the last part of section 2, both problems are briefly reviewed.
In chapter 4 we then show how the curvaton mechanism can naturally be incorporated into the pre-big bang model, so that it can predict the observed spectrum of
CMB anisotropies [1]. This was the first real application of the curvaton mechanism. The curvaton mechanism itself has been known for more than a decade. Later,
the curvaton mechanism has been applied in various ways to ordinary inflation. So,
while the original application of the curvaton mechanism (Enqvist and Sloth [1])
was motivated by an urgent problem of the pre-big bang model, the later applications to ordinary inflation can instead be considered as alternative scenarios to the
single field inflationary model or the usual hybrid model. The first part of chapter
4 contains a general discussion of the curvaton model, based on perhaps the most
elegant demonstration of it by Lyth and Wands [5]. In the last part of chapter four
we explore the applications to the pre-big bang scenario.
It is impossible to mention all the literature in the field, but there is a recent
review on inflationary cosmology by Riotto [6], which has influenced the discussion
of standard cosmology in this thesis. There are two extensive reviews of pre-big
bang cosmology by Gasperini and Veneziano [7] and by Lidsey et. al. [8] which are
definitely worth mentioning as they have also been a source of inspiration for the
present author.
There have of course also been other developments in the direction of understanding cosmology in terms of fundamental physics and vise versa. Some of the
main directions of current research in this field are Brane (anti Brane) inflation [9–
13], Brane gasses [14, 15], Holography [16–20], Ekpyrotic [21, 22], and Cyclic models
[23] (The references are only examples and should not be considered as complete
lists).
Throughout this thesis we will work in natural units c = ~ = kBoltzmann = 1
and we use the metric signature η = diag(−, +, . . . , +). Everywhere we will use the
Misner, Thorne, Wheeler sign convention. We denote√the Planck-mass by mp and
it is related to the Newton constant GN by√mp = 1/ GN ≈ 1.221 · 1019 GeV. The
reduced Planck mass is defined as Mp ≡ 1/ 8πGN .

1.2

Standard Big-Bang model

General relativity combined with the assumption that the universe is homogeneous
and isotropic on large scales leads to the standard Big-Bang model (SBB). Using
isotropy and homogeneity as an ansatz for the Einstein equation uniquely fixes the

1.2 Standard Big-Bang model
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metric to be the Friedman-Robertson-Walker (FRW) metric



dr 2
2
2
2
2
2
2
2
ds = −dt + a(t)
+ r dθ + sin θdφ
,
1 − kr 2

(1.1)

where a(t) is the scale-factor of the universe and the parameter k can take values
1, 0, −1 corresponding respectively to spherical, euclidean and hyperbolic spatial
sections which we also refer to as a spatially closed, flat or open universe.
The SBB is a well established model that has been verified in many ways. One
controversial (at its time of discovery) and successful prediction of the SBB is the
expansion of the universe. The expansion rate H = ȧ/a is called the Hubble constant
and the experimental value today is H0 = 100h km sec−1 Mpc−1 , with h = 0.71+0.04
−0.03
[24]. The observation of the expansion of the universe by Edwin Hubble lead Einstein
to abandon the cosmological constant which he had introduced by hand and finetuned to obtain a static universe. However, today we know that much of the energy
density of the universe has the form of dark energy which can be mimicked by
a cosmological constant, thus the cosmological constant is as important part of
cosmology as ever.
The dynamics of the universe is encoded in the Einstein equation, which can be
derived from the action S = SEH + SM , where SEH is the Einstein-Hilbert action
and SM is the matter action;
Z
XZ
√
1
D √
SM =
dD x −gLf ields .
(1.2)
SEH = − 2 d x −g(R + 2Λ) ,
2κ
f ields
Here Λ is the cosmological constant, κ2 ≡ 8πGN and R is the Ricci scalar. Denoting
λ
by Rµν the Ricci tensor and by Rµνσ
the Riemann tensor, with
λ
Rµσ = Rµλσ
,

(1.3)

1
Rµν − Rgµν ≡ Gµν = 8πGN Tµν + gµν Λ .
2

(1.4)

the Einstein equation becomes

Above the energy-momentum tensor is defined as Tµν ≡ √−2
δSM /δg µν , however
−g
below we will absorb the cosmological constant in Tµν instead of writing it explicitly.
Applying the assumptions of homogeneity and isotropy, we can parameterize the
energy-momentum tensor in the form T µ ν = diag(−ρ, p, p, p) where ρ is the total
energy density and p is the total pressure.
The evolution of the cosmic scale factor is governed by the Friedmann equation
 2
ȧ
k
8πGN ρ
2
H ≡
− 2 ,
(1.5)
=
a
3
a
which is obtained from the Einstein equation by inserting the FRW metric (1.1) into
equation (1.4). Here ρ is the total energy density of the universe including matter,
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radiation, vacuum energy, and so on. In a similar fashion one finds from the time
component of the Einstein equation
Ḣ + H 2 =

4πGN
ä
=−
(ρ + 3p) .
a
3

(1.6)

The continuity relation ∇ν T µν = 0 can be written in the following form:
ρ̇ + 3H(ρ + p) = 0 .

(1.7)

This implies that for a given equation of state for the cosmological fluid (p = wρ)
one obtains
ρ ∝ a−3(w+1) .
(1.8)
The Friedmann equation then implies a ∝ t2/3(1+w) .
It is common to use the Friedmann equation to relate the curvature of the universe to the energy density and the expansion rate
Ω=

ρ
,
ρc

Ω−1=

k
a2 H 2

,

(1.9)

where ρc = 3H 2 /8πGN is the critical energy density. If Ω < 1, Ω = 1 or Ω > 1
it implies that the universe is open, flat or closed respectively. Once we know the
equation of state we can solve the Friedmann equations for the cosmic scale factor.
The ”fate of the universe” is determined by the curvature. An open and a flat
universe expand forever, while a closed universe re-collapses (this is not strictly true
when the role of dark energy is taken into account).
The SBB is not eternal in the past. The open, flat and closed model originate
from some finite initial time, usually set to t = 0, at which the scale factor vanishes.
At the initial time the space-time curvature blows up and it marks a singularity
beyond which we can not extend the time coordinate. From general relativity it
has been shown that if a space-time satisfy some quite general assumptions, such
as the strong energy condition and the absence of closed time-like curves, it always
contains an initial singularity1 [25].
As the cosmic scale factor grows and the universe expands, light becomes redshifted. The red-shift z is given by the wavelength of the emitted wave λe and the
wavelength of the received wave λr made longer by the expansion (1 + z = λr /λe =
a(te )/a(tr )). It is often convenient to measure time in terms of the redshift. The
conversion between t and z can be found from integrating the Friedmann equation
(1.5).
Today the contributions of matter and the cosmological constant to the energy
density of the universe are comparable. From ρ ∝ a−3(w+1) it is seen that the energy
density of respectively the cosmological constant, radiation and matter behave as
ρΛ = const., ρr ∼ a−4 , ρm ∼ a−3 as the cosmic scale factor goes to zero in the past.
1

See also section 2.1.5 for more details.
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Hence, we conclude that in the past matter must have dominated the universe and
before that radiation.
Measurements of the cosmic microwave background radiation (CMBR) tell us
that the cosmic photon temperature today is T0 = 2.725 ± 0.002K [26] and the
spectrum is an almost perfect Planck spectrum. This supports the SBB model that
tells us that the universe originates from a much hotter and denser state than the
present, where interaction between matter and radiation were frequent enough to
create a thermal equilibrium. As the universe expands, thermal equilibrium for a
given particle species can be maintained, provided the interaction rate Γ is greater
than the Hubble parameter, Γ > H. An important stage in the history of the early
universe was when the photons decoupled from the electrons, as the electrons began
to recombine with nuclei to form atoms, at Trec ' 3000K or zrec ' 1100 [27]. Since
the time of decoupling, the photon-fluid has ”free-streamed” to reach us today with
little changes, apart from the red-shift due to the expansion of the universe. Thus,
the CMBR provides us with a ”snapshot” of the very early universe.
One of the greatest triumphs of the SBB-model is its ability to explain primordial
nucleosynthesis. Big-Bang nucleosynthesis (BBN) is the only successful theory which
explains the origin of the light element isotopes (D, 3 He, 4 He and 7 Li). BBN took
place when the universe was only 1 to 1000 sec old, at temperatures T ' 10 MeV
to 0.01 MeV. The comparison of the predicted to the observed abundance of light
elements provides an important test of the SBB and leads to a baryon density ΩB
constrained by ΩB h2 = 0.019 ± 0.002 [28]. Thus a flat universe (Ω = 1), must consist
mostly of non-baryonic matter. From observations, the total energy density of the
universe today Ω0 is constrained to2 0.97 ≤ Ω0 ≤ 1.07 [28], i.e. the universe is flat
to a high accuracy.
Throughout this thesis, we will find it convenient to use conformal time τ defined
by adτ ≡ dt and time independent comoving distances λc which are related to
the physical distances λph by a rescaling λph = aλc . In a similar way comoving
momentum k is related to physical momentum p by p = k/a.

1.3

Cosmological Problems

The shortcomings of the SBB model do not indicate any logical inconsistencies,
but rather have to do with the underlying assumptions or initial conditions. The
flatness, the horizon, and the small-scale inhomogeneity problems indicate that the
initial conditions for the SBB are rather special. We would like to understand how
or why the universe started in such a special state. In the next chapter we will
discuss inflation, which is an attempt to address these questions, by adding to the
cosmological evolution an era of accelerated expansion before the Big-Bang. But
first we briefly describe the cosmological problems3 .
2
3

The new data from WMAP actually suggests a closed universe with Ω0 = 1.02 ± 0.02 [24]
A similar discussion can also be found in for instance [6] or [27].
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Since the Big-Bang has happened only a finite time ago photons can only have
traveled a finite distance. The physical distance traveled by a photon since the BigBang is called the particle horizon. Since the photons travel null paths given by
dr = dt/a(t), the particle horizon dH (t) is given by
Z t
dt0
∼ H −1
a(t) ∝ tβ , β < 1 .
(1.10)
dH (t) = a(t)
0
0 a(t )
Up to a numerical factor the horizon is given by the Hubble radius, H −1 . We know
that the last scattering was at redshift about z = 1100, so we can calculate the length
corresponding to the size of the observable universe (the present Hubble radius) at
the time of last scattering tLS




aLS
T0
λH (tLS ) = dH (t0 )
= dH (t0 )
.
(1.11)
a0
TLS
However, because we can assume that since last scattering the universe has been
matter dominated, the Hubble rate has decreased at a different rate H 2 ∝ ρM ∝
a−3 ∝ T 3 . So the Hubble radius at last scattering was

−3/2
TLS
−1
.
(1.12)
HLS = dH (tLS ) = dH (t0 )
T0
The crucial observation is that the length corresponding to our present Hubble radius
was much larger than the horizon at last scattering. One can for instance compare
the volumes corresponding to these two scales:

−3/2
λ3H (tLS )
T0
≈ 106 .
(1.13)
=
3
dH (tLS )
TLS
This means that there must have been 106 causally disconnected regions within
the volume that now corresponds to our observable universe. In other words causal
processes can not account for the homogeneity of the universe, but rather it must
be set as an initial condition of the SBB model.
From equation (1.9) one sees that if the universe is perfectly flat (Ω = 1), it will
stay that way at all times. However, if it deviates only slightly from the flat case, Ω
will evolve away from unity. Thus we could say that a flat universe is an unstable
fixed point. Because the observed value of Ω today is very close to one, the initial
value must be fine tuned to one to a very high accuracy. In a radiation dominated
era H 2 ∼ ρr ∼ a−4 , so Ω−1 ∼ a2 , while during a matter dominated period ρm ∼ a−3
and Ω − 1 ∼ a. Since the temperature of the universe today is T0 ∼ 10−13 GeV, the
temperature at matter-radiation equality was Teq ∼ 10eV, and the temperature at
the epoch of nucleosynthesis was TN ∼ 1MeV, one finds
 2    2  
Teq
aN
aeq
|Ω − 1|T =TN
T0
≈
≈
≤ 10−15 .
(1.14)
2
2
|Ω − 1|T =T0
aeq
a0
TN
Teq

1.3 Cosmological Problems
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If we assume that we can extrapolate the Einstein equations to tp , where the temperature of the universe was Tp ∼ 1019 GeV one obtains an even more fine-tuned
number
 2    2  
ap
Teq
|Ω − 1|T =Tp
aeq
T0
≈
≈
≤ 10−60 .
(1.15)
2
2
|Ω − 1|T =T0
aeq
a0
Tp
Teq
The flatness problem is really the problem of understanding why the (classical)
initial conditions correspond to a universe that was so extremely close to flat.
The entropy problem is related to the flatness problem. Let g∗ (T ) denote the
number of degrees of freedom of ultra-relativistic particle species much less massive
than the temperature. Then the entropy density in relativistic particles is
s=

ρ+p
2π 2
=
g∗ T 3 .
T
45

(1.16)

The entropy per comoving volume is
S ∝ a 3 s ∝ g ∗ a3 T 3 .

(1.17)

Most of the entropy of the universe is contained in the radiation fluid which at
present consists of photons and neutrinos. The entropy density is proportional to
the number density of relativistic particle species and today it is s = 2905cm−3 [6].
During thermal equilibrium the entropy per comoving volume S is constant, which
implies that T ∝ a−1 . It also allows us compute the entropy of our universe i.e. the
entropy contained in our present Hubble volume
SU =

4π −3
H s ' 1090 .
3 0

(1.18)

From the Friedman equation (1.5) we know that during a radiation dominated
period H 2 ' ρr ' T 4 /m2p . Using this together with equation (1.9) we find
|Ω − 1|t=tp =

1
2/3
SU

≈ 10−60 .

(1.19)

We note that the universe is so close to flat because the entropy content of our
universe is so large. Thus, the flatness problem arises because the entropy in a
comoving volume is conserved during adiabatic expansion. It is therefore possible
that it could be solved by a short primordial period of non-adiabatic expansion.
The fact that the energy density of the universe is close to the critical energy
density leads also to an upper bound on the cosmological constant. Since the energy
density contributed by the cosmological constant Λ/8πGN is constant as the universe
expands, it must be less than the critical density today i.e. 8.45 · 10−47 h2 GeV4 .
There is no known symmetry that forbids a cosmological constant, so we expect
it not to vanish. In fact we might have expected ρvac ≡ Λ/8πGN ∼ m4p . The zero
p
point energy of the harmonic oscillator is ω/2 (ω = |p|2 + m2 ). The number of
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momentum states per unit volume is d3 p/(2π)3 , and so, the vacuum energy of a
scalar field due to quantum states with p < pmax is
Z pmax
1
ρvac =
p3 dp ∼ p4max .
(1.20)
(2π)2 0
It is reasonable to take mp as a cutoff on the theory and therefore we expect ρvac ∼
m4p in sharp contrast to the upper observational bound. This is commonly referred
to as the cosmological constant problem (see [29] for a recent review).
Super-heavy particles produced in the very early universe can also potentially
over-close the universe. In the past when the universe was hot and dense, symmetries
existed which are broken today. Heavy particles with weak interactions are likely
to be created as a by-product of symmetry breaking and are therefore often called
dangerous relics. Typically supersymmetry breaking at the grand unification scale
could lead to the creation of magnetic monopoles, gravitinos or moduli fields. Also
the creation of cosmic strings and domain walls which could overclose the universe
is a potential problem of symmetry breaking.
Even if the universe is very homogeneous and isotropic on large scales, it is not
perfectly homogeneous. This is perhaps the most trivial cosmological observation.
A less self-evident and very intriguing more recent cosmological observation is the
discovery of the anisotropies in the CMB temperature by the COBE satellite in
1992. The source of both structure and CMB anisotropies is believed to be a small
primordial density inhomogeneity δρ/ρ ∼ 10−5 . Once the universe becomes matter
dominated the small primordial density fluctuations are amplified by gravity and
grow into the structure we observe today. The temperature anisotropies are seeded
by the same small density contrast, because it causes a difference in the gravitational
potential between two points on the last-scattering surface, which again determines
the temperature anisotropy on the angular scale. Symbolically we can write4
 
 
δT
δρ
≈
,
(1.21)
T θ
ρ λ
here λ ∼ 100h−1 Mpc(θ/deg) is the length scale related to the angle θ on the last
scattering surface. This is known as the Sachs-Wolfe effect [30]. It is interesting
to note that photons which on the last-scattering surface were separated by an
angle larger than θH ≈ 1◦ were not in causal contact, although anisotropies of
same order of magnitude δT /T ∼ 10−5 are present at larger angles/scales. In other
words, the CMB fluctuations seem to be non-causal. Because the large scale density
perturbations are fluctuations on scales which were larger than the Hubble radius at
last scattering, we say that they were outside the horizon, and as the Hubble radius
grew they eventually crossed inside. Since we observe CMBR anisotropies which
4

Formally the temperature anisotropies are given by the comoving curvature perturbation R k
on the last scattering surface, which again is related to the density perturbations as we will discuss
also in section 2.1.4.
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originates from super horizon scales which only recently crossed inside the horizon,
causal micro physics alone can not explain the origin of the density perturbations
within the SBB model.
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Chapter 2
Two Scenarios of Cosmology
From our discussion of the flatness and the entropy problem in the previous chapter,
it is clear that in order to solve the flatness problem and produce the large amount
of entropy that we observe today, the universe must have gone through an era of
non-adiabatic behaviour. In addition the resolution of the causality problem requires
that there is a period in the history of the universe where the physical scales λ evolve
faster than the horizon scale, such that all of the observable universe could have been
in causal contact in the past. This second condition we can express as a constraint
for the scale factor. The physical scales redshift as λ ∝ a−1 , so requiring that the
physical scales evolve faster than the Hubble rate amounts to require


d
λ
d
= |ȧ| > 0 .
(2.1)
−1
dt |H |
dt

Alternatively we can see from the Friedmann equation that a2 ρ ∝ ȧ2 + k means that
for the cosmological evolution to yield the curvature term negligible, we must have
an era where ∂t |ȧ| > 0. We conclude that if ȧ > 0 then we must have ä > 0 and if
ȧ < 0 then we must have ä < 0. This is how we will define inflation here, as a period
of either accelerated expansion or accelerated contraction.
Inflation is in most models driven by a scalar field (called inflaton), and the
needed large entropy production is usually associated with the decay of this field
at the end of inflation. This is referred to as reheating and can be viewed as the
Big-Bang of the SBB model. Thus, we could say that inflation essentially deals with
“what happened before the Big-Bang” [31].

2.1

Slow-Roll Inflation

Slow-roll inflation is perhaps the most popular attempt to find a solution to the
cosmological problems. The basic idea has been around more than 20 years and was
originally proposed by Allan Guth [32] and Alexei Starobinsky [4, 31].
Assume there is a time interval beginning at time ti and ending at tR (the
reheating time) during which the universe is to a good approximation exponentially
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expanding,
a(t) ∝ eHt ,

ti < t < t R

(2.2)

with constant Hubble parameter H (de Sitter phase). Later we will quantify what
we mean by “good approximation” in terms of the slow roll parameters. The success
of BBN sets an upper bound to the reheating time tR << tN . Of course during
exponential expansion ä > 0 and from equation (1.6) we conclude that (ρ + 3p) < 0,
so an accelerating period of expansion is only obtained if the pressure is negative
p < −ρ/3. This means that during the inflationary era the universe can be neither
matter or radiation dominated, but from this perspective vacuum energy is a viable
candidate (p = −ρ) to have driven inflation. If p = −ρ then from equation (1.6) and
(1.7) we know that
ρ = constant ,
H = constant ,
(2.3)
and by solving the Friedmann equation (1.5) we find that the universe in this case
is an exact de Sitter universe with scale factor as given in equation (2.2). In the rest
of this section we will only discuss accelerated expansion, although our definition
of inflation also includes accelerated contraction. We postpone the discussion of
contracting universes to section 2.2.

2.1.1

Inflation as a Solution to the Cosmological Problems

During an era where the Hubble rate is constant it is clear that physical scales
λ ∝ a will cross outside the horizon as the universe expands. In this way one can
explain how scales that entered the horizon during radiation or matter dominated
era, has crossed outside the horizon during inflaton and thus originate from inside
the horizon. This enables causal micro physics to account for the small observed
inhomogeneities in addition to solving the homogeneity and isotropy problem. However to successfully solve these problems the inflationary period must have lasted
long enough to make the largest scales we observe today exit the horizon during
inflation.
A convenient way to parameterize the length of inflation is in terms of e-foldings
N
a(tR )
.
(2.4)
N = ln
a(ti )
In order to solve the horizon and causality problems, the largest observable scale
today, which is the present horizon scale H0−1 , must have been inflated from a value
λH0 (ti ) smaller than the horizon scale during inflation HI−1



 
a(tR )
a(ti )
T0
−1
−1
λH0 (ti ) = H0
= H0
e−N . HI−1 .
(2.5)
a(t0 )
a(tR )
TR
From the above relation we directly obtain a bound on the number of e-foldings:
 
 
 
T0
TR
TR
N & ln
− ln
' 67 − ln
.
(2.6)
H0
HI
HI
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If we ignore the logarithmic term, we need N & 70 in order to solve the horizon
problem. This a very important point which we will return to later in our discussion
of the trans-Planckian problem.
Also the solution to the flatness problem gives a bound on the number of efoldings. Since the Hubble rate is constant during inflation, from equation (1.9) one
sees that Ω − 1 ∝ 1/a2 , so during inflation
|Ω − 1|t=tR
=
|Ω − 1|t=ti



a(ti )
a(tR )

2

= e−2N .

(2.7)

On the other hand it is clear from the argument that lead us to equation (1.19) that
at the beginning of the radiation dominated epoch
|Ω − 1|t=tR =

m2p 1
m2p −60
10
.
≈
TR2 SU2/3
TR2

(2.8)

Since the Planck scale marks a reasonable upper bound on the reheat temperature,
then even with |Ω−1|t=ti of order unity, we see from equation (2.7) that 70 e-foldings
is more than enough to solve the flatness problem and yield the small number on
the right hand side of equation (2.8).

2.1.2

The Slow-Roll Parameters

In this subsection we will focus on quantum field driven inflation as suggested originally by Guth [32], although there are also other ways to obtain inflation. In Starobinsky’s original paper [4], he proposed a model of exponential expansion based on
higher derivative curvature terms in the gravitational action.
In quantum field driven inflation, it is the potential energy of a scalar field, the
inflaton φ, that drives the inflation. The action can be written


Z
Z
1
4 √
4 √
µ
S = d x −gL = d x −g ∂µ φ∂ φ + V (φ)
(2.9)
2
where V (φ) is the inflaton potential. The equation of motion becomes
φ̈ + 3H φ̇ −

∇2 φ
+ Vφ (φ) = 0 ,
a2

(2.10)

with Vφ (φ) ≡ (dV (φ)/dφ). The energy-momentum tensor becomes Tµν = ∂µ φ∂µ φ −
gµν L. Now assuming that the scalar field is homogeneous we can ignore the gradient
term and from the energy-momentum tensor we find
ρ=

φ̇2
+ V (φ) ,
2

p=

φ̇2
− V (φ) .
2

(2.11)
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From the Friedmann equation (1.5) we then obtain the Hubble rate in terms of the
scalar field dynamics


8πGN 1 2
2
H =
φ̇ + V (φ) .
(2.12)
3
2
If the velocity of the inflaton is sufficiently small
V (φ) >> φ̇2

(2.13)

then from equation (2.11) we find the following equation of state
p ' −ρ ,

(2.14)

which leads to an era of approximate de Sitter expansion as discussed in the beginning of this section. From the condition in equation (2.13) it is now obvious why
this kind of quantum field driven inflation is also called slow-roll inflation. To have
enough inflation i.e. to make φ̇ stay small long enough, we might expect that also φ̈
is negligible. However, this second condition is not strictly required for inflation to
happen. One often refers to these condition as the slow-roll conditions.
If the condition in equation (2.13) is satisfied and φ̈ is negligible, then the Friedmann equation (1.5) and the equation of motion become
H2 '

8πGN
V (φ) ,
3

3H φ̇ = −Vφ (φ)

respectively. It is usual to define the slow-roll parameters
 2


1
Vφ
Vφφ
1
=
.
,
η=
16πGN V
8πGN
V

(2.15)

(2.16)

From equation (2.15) we see that the slow-roll conditions are equivalent to
 << 1 ,

|η| << 1 .

(2.17)

Using the slow-roll condition we can write the constraint on the number of efoldings N as
Z tR
Z φi
a(tR )
V
N ≡ ln
=
Hdt ' 8πGN
dφ & 70 .
(2.18)
a(ti )
ti
φ R Vφ

2.1.3

Classical Theory of Cosmological Perturbations

Below we will give a short review of the theory of cosmological perturbations. Detailed treatments and references to the original literature can be found in [33, 34].
Since the fluctuations on scales of the CMB anisotropies were small when the anisotropies were generated, we expect that the fluctuations must have been very small
in the early universe and a linearized analysis is justified. In linearized perturbation
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theory each Fourier modes of the cosmological fluctuations evolves independently,
which simplifies the analyzes considerably.
Since the perturbations are small and the background evolution after a short era
of inflation can be described by the flat FRW metric
ds2 = a2 (τ )(−dτ 2 + dx2 )

(2.19)

we will quantize the linear fluctuation about a classical background described by
that particular simple form of the metric. Now let us consider the action of gravity
plus matter
Z
√
S = d4 x −gR + SM .
(2.20)

Since we are interested in the evolution of perturbations during inflation, we will
assume that the matter action SM is described by a single minimally coupled scalar
field - the inflaton φ. We separate the metric and matter into classical background
(0)
variables gµν , φ(0) which depends only on time, and fluctuation fields hµν , δφ which
depends both on space and time and have vanishing spatial average:
(0)
gµν = gµν
(τ ) + hµν (τ, x) ,

φ = φ(0) (τ ) + δφ(τ, x) .

(2.21)

The metric perturbations can be split into three types: scaler, vector and tensor
fluctions. However, vector fluctuations decay in expanding cosmological backgrounds
and therefore we will only be interesed in scalar and tensor fluctuations.
Let us first consider tensor fluctuations. Tensor fluctuations correspond to gravitational waves and can be viewed as small ripples in the FRW space-time. In the
transverse-traceless gauge the perturbed metric has only non-vanishing space-space
components hij (τ, x) [35],


ds2 = a2 (τ ) −dτ 2 + (δij + hij )dxi dxj ,
(2.22)

where |hij | << 1. The tensor hij is symmetric so it has six independent components.
The traceless δ ij hij = 0 and transverse conditions ∂ i hij = 0 add four more contraints
and leave only two physical degrees of freedom. This means that we can expand the
tensor hij in terms of two basic traceless and symmetric polarization tensors e+
ij and
×
eij as
×
(2.23)
hij (τ, x) = h+ e+
ij + h× eij .

The space and time dependence is contained in the coefficients h+ and h× . By
expanding the Einstein-Hilbert action around the FRW background, the action for
h+ and h× reduces to that of a free, massless, minimally coupled scalar field.√In
order to obtain the correct normalization, we must multiply with a factor mp / 2,
so the canonically
normalized scalar fields corresponding to these amplitudes are
√
ϕλ ≡ (mp / 2)hλ , (λ = +, ×) [34]. In Fourier space, the action is
Z

a2  0 0
δSg = dτ
−ϕ−k ϕk + k 2 ϕ−k ϕk .
(2.24)
2
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Note that here we have used the definition 0 ≡ ∂τ . From the action in equation (2.24)
we obtain the following equation of motion
a0
(2.25)
ϕ00k + 2 ϕ0k + k 2 ϕk = 0 .
a
We can eliminate the Hubble friction term by a change of variables vk ≡ aϕk ,
yielding


a00
00
2
vk + k −
vk = 0 .
(2.26)
a
This is the equation of motion of an oscillator with a time-dependent frequency, also
called a parametric oscillator.
Before we discuss the solution to the equation of motion (2.26) let us first turn to
the second type of cosmological perturbations: scalar perturbations. The description
of scalar perturbations is generally more complicated, but by working in a fixed
gauge it simplifies significantly. Consider the scalar contributions to hµν . There are
two possible ways that scalar quantities can enter into hij . Either we can multiply
the spatial part of the background metric gij with a scalar or we can take covariant
derivative of a scalar function with respect to the background metric. In addition we
need a scalar function to describe h00 , and the three-dimensional covariant derivative
of an other scalar function to describe hi0 . The line element of the perturbed metric
can then be written


ds2 = a2 (τ ) (−1 − 2A)dτ 2 + 2∂i Bdτ dxi + ((1 − 2ψ)δij + 2Dij E)dxi dxj , (2.27)

with Dij = ∇i ∇j . Now if we perform a gauge transformation on the coordinates
x̃µ = xµ + δxµ , then the metric transforms as g̃µν (x) = gµν (x) + Lδx gµν (x), (Lδx is
the Lie derivative along δx). This can be rewritten as variations of the functions
A, ψ, B, and E
0
0 a
Ã = A−ξ 0 − ξ 0 ,
a

B̃ = B+ξ 0 +ξ 0 ,

a0
ψ̃ = ψ+ ξ 0 ,
a

Ẽ = E+ξ . (2.28)

where we decomposed the vector δxµ into δx0 = ξ 0 (xµ ) and δxi = δ ij ∂j ξ(xµ ).
Now it is evident that the Bardeen potentials
Φ ≡ −A +

1
0
[(−B + E 0 /2)a] ,
a

1
a0
Ψ ≡ −ψ − ∇2 E + [B − E 0 /2] ,
6
a

(2.29)

which were first introduced in [36, 37], are gauge invariant.
To simplify matters we will now go to the longitudinal gauge defined by the
conditions B = E = 0. From equation (2.28) it follows that in the longitudinal
gauge the coordinates are totally fixed and there are no complicating residual gauge
modes. It is important to note that in this gauge, the gauge invariant potentials Φ
and Ψ are just the scalar functions A and ψ. Hence, in the longitudinal gauge the
metric takes the form


ds2 = a2 (τ ) −(1 + 2Φ)dτ 2 + (1 − 2Ψ)δij dxi dxj .
(2.30)
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Further, if the spatial part of energy-momentum tensor is diagonal then it follows
from the Einstein equations that Φ = Ψ. Due to the Einstein equation, the remaining
metric fluctuation Ψ is determined by the matter fluctuation. It should then be clear
that the physical degrees of freedom of scalar metric fluctuations can be expressed
in terms of a single free scalar field χ with a time dependent mass, determined by
the time dependent background. It can be shown that this is given by [38]


φ00
(2.31)
χ = a δφ + Ψ = zR ,
H
where φ0 (τ ) ≡ φ(0) denotes the background value of the scalar matter field, H = a0 /a,
z≡a

φ00
,
H

(2.32)

and R denotes the gauge invariant comoving curvature perturbation [39]. One can
show that the action for the scalar metric fluctuations χ is [33]


Z
1
z 00
0 0
2
δSR =
dτ −χk χ−k + k χk χ−k − χk χ−k .
(2.33)
2
z
which leads to the following equation of motion


z 00
00
2
χk = 0 .
χ k+ k −
z

(2.34)

Notice that with the change a → z equation (2.34) becomes identical to the equation
of motion (2.26) for gravitational waves. In pure de Sitter space-time, φ00 and H scale
with the same power of τ . This implies that z is proportional to a and the evolution
of gravitational waves and scalar metric perturbations is identical. During slowroll inflation the background field value of the inflaton φ0 is nearly frozen and the
scalar metric perturbations reduces to the fluctuations in the inflaton field up to a
logarithmic time-dependence suppressed by the slow-roll parameter 
χ ' aδφ .

(2.35)

Thus, during slow-roll inflation ( → 0) we can with good approximation think of
the scalar metric fluctuations χ as the canonical normalized inflaton fluctuations,
where the linearized action for the inflaton fluctuations is just the covariant action
of a free scalar field. In Fourier space the equation of motion of the fluctuations in
the inflaton field is then analogous to equation (2.25):
a0
δφ00k + 2 δφ0k + k 2 δφk + Vφφ δφk = 0 .
a

(2.36)

One should keep in mind that this equation is approximate and the use of the
equation (2.36) has always to be justified. Later we will discuss this aspect more
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detailed. If the inflaton is coupled to other fields the linearized equation of motion
of the fluctuations is of course more complicated.
Let us now discuss the solution of the equation of motion (in equation (2.34)
or (2.26)) in more details. In order to first discuss the dynamics qualitatively, it is
convenient to rewrite the equation of motion for the inflaton perturbation in terms
of the cosmic time t:
 2
¨ k + 3H δφ
˙ k + k δφk + Vφφ δφk = 0 .
(2.37)
δφ
a
This equation implies that physical wavelengths λ ∝ a/k of a small perturbation
δφ grows in time as a ∝ exp(Ht). Perturbations with k >> H >> Vφφ oscillate
as sin kt, whereas perturbations with k << H, Vφφ << H 2 do not oscillate, and
their magnitude remain almost frozen during inflation due to the large friction term
˙ It is reasonable that fluctuations are frozen on super horizon scales, since the
3H δφ.
expansion is too fast for causal micro-physics to act on those scales.
As a first approximation we can use the slow-roll approximation |η| << 1 and
neglect the mass term Vφφ in equation (2.36). In this case equation (2.36) has same
form as equation (2.25). If we also use the approximation a = exp(Ht), H=constant,
then the solution of equation (2.26) and (2.34) is particularly simple:




i
i
−ikτ
vk = χk = A(k) 1 −
e
+ B(k) 1 +
e+ikτ .
(2.38)
kτ
kτ
More quantitatively let us look at the exact solutions for the equation of motions
of the metric fluctuations. We will first discuss the solution of the equation of motion
for the gravitational waves (2.26) or (2.25) since this is the simplest case. One
common way to proceed, is to write the equation (2.26) in the following generic
form



1
1
2
00
2
vk + k − 2 νT −
vk = 0 .
(2.39)
τ
4

For real νT , it has the general solution [40]

√ 
vk (τ ) = −τ C1 (k)Hν(1)
(−kτ ) + C2 (k)Hν(2)
(−kτ ) ,
T
T
(1)

(2.40)

(2)

where HνT and HνT are Hankel functions of first and second kind. Using that
a=

−1
,
τ H(1 − )

(2.41)

we can write the cosmic acceleration as
1
a00
' − 2 (2 − 3) .
a
τ

(2.42)

νT ' 3/2 −  .

(2.43)

In this way we find
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Now lets turn to the scalar perturbations. One can express z 00 /z in terms of new
slow-roll parameters [41]


1 2 1
11
11
z 00
3
2 2
= 2a H 1 + δ + H + δ + H δ +
˙H +
δ̇
(2.44)
z
2
2
2
2H
2H
where the new slow-roll parameters are given by
H ≡

−Ḣ
,
H2

δ≡

φ¨0
.
H φ̇0

(2.45)

To first order in the slow-roll parameters we have  ' H and δ '  − η. Assuming
that the new slow-roll parameters (H , δ) are constant and using again equation
(2.41) we obtain


1 + δ + H
z 00
1
1
1
2
,
ν=
= 2 ν −
+ .
(2.46)
z
τ
4
1 − H
2
To first order in the slow-roll parameters we thus have ν ' 32 + 3 − η. Of course the
solution again have the form given in equation (2.40) with νT → ν

√ 
(2.47)
χk (τ ) = −τ C1 (k)Hν(1) (−kτ ) + C2 (k)Hν(2) (−kτ ) ,
In the limit , η → 0 the solutions (2.40) and (2.47) reduces to the approximate
solution in equation (2.38).
Until now we have discussed the solutions to the classical equations of motion of
the field fluctuations. In order to obtain the right normalization we have to quantize
the fluctuations and normalize them to a reasonable initial condition which will be
the quantum fluctuation of an appropriate chosen vacuum.

2.1.4

Quantum Theory of Cosmological Perturbations

In the previous section we solved the classical equations of motion. This is sufficient
to describe the evolution of the perturbations. However, in order to understand the
origin of the perturbations and normalize the fluctuations, a quantum treatment is
necessary.
It is practical to quantize in the Heisenberg picture where the states are timeindependent but the operators evolves. From the action (2.33) it follows that the
canonical conjugate to the field χ is Πk = χ0−k . Following the usual path of canonical
quantization we promote χ, Π to canonical conjugate operators χ̂, Π̂ and impose
the following equal time commutation relations
h
i
h
i
[χ̂(τ, x), χ̂(τ, x0 )] = Π̂(τ, x), Π̂(τ, x0 ) = 0 ,
χ̂(τ, x), Π̂(τ, x0 ) = iδ (x − x0 ) .
(2.48)
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From the Heisenberg equation of motion
h
i
i∂τ Â = Â, Ĥ ,

(2.49)

where Ĥ is the Hamiltonian operator, it follows that the operator χ̂ satisfies the same
equation of motion as the classical field χ. Thus, analogous to the quantization of a
scalar field in Minkowski space, we expand the operator χ̂ over a complete orthogonal
basis of the solution to the classical field equation [42]
Z 3 h
i
dk
1
†
ik·x
−ik·x
√
χ̂(τ, x) =
ĉ
(τ
)e
+
ĉ
(τ
)e
.
(2.50)
k
k
(2π)3/2
2k
This is equivalent to


1 
ĉk (τ ) + ĉ†−k (τ )
(2.51)
χ̂k (τ ) = √
2k
for the Fourier mode. Above we used that the spatial part can be taken to be the
basis of plane waves in the spatial flat metric. Of course the commutation relation
for the canonical conjugate fields (2.48) translates into the usual commutators for
the creation and annihilation operators:


ĉk (τ ), ĉ†p (τ ) = δ(k − p) .
(2.52)
The vacuum state |0i is defined as the state annihilated by ĉk :
ĉk (τ ) |0iτ = 0 .

(2.53)

Since the background has a non-trivial time-dependence, the vacuum state will in
general rotate in time unlike the Minkowski vacuum that is time invariant. This
phenomena leads to gravitational particle creation, since the vacuum at one time
will be an excited state of the vacuum at a later time. The conventional way to
discuss this phenomena in details is by means of a Bogoliubov transformation
ĉk (τ ) = αk (τ )ĉk (τ0 ) + βk (τ )ĉ†−k (τ0 ) ,

ĉ†k (τ ) = αk∗ (τ )ĉ†k (τ0 ) + βk∗ (τ )ĉ−k (τ0 ) ,

(2.54)

where τ0 is some initial time and αk , βk are the Bogoliubov coefficients that must
satisfy the normalization condition
|αk |2 − |βk |2 = 1

(2.55)

in order for the commutation relations to be preserved in time. The solution to the
dynamical equations is most easily found by defining
1
fk (τ ) ≡ √ (αk (τ ) + βk∗ (τ )) ,
2k

(2.56)
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which satisfies the classical equation of motion (2.34) as can be seen from the Heisenberg equation of motion. From equation (2.51) we find
χ̂k (τ ) = fk (τ )ĉk (τ0 ) + fk∗ (τ )ĉ†−k (τ0 ) ,

(2.57)

such that the field operator becomes,
Z
i
h
1
†
3
ik·x
∗
−ik·x
.
d
k
ĉ
(τ
)f
(τ
)e
+
ĉ
(τ
)f
(τ
)e
χ̂(τ, x) =
k 0 k
k 0 k
(2π)3/2

(2.58)

The solution to the classical equation is given in equation (2.47), but we write it
again here for fk :

√ 
fk (τ ) = −τ C1 Hν(1) (−kτ ) + C2 Hν(2) (−kτ ) .
(2.59)

Finally we are able to normalize the quantum fluctuations by introducing an
appropriate initial condition. In this sub-section we will follow the standard (most
simple) approach, while in chapter three we shall discuss potential problems of this
approach and propose alternative normalization procedures. Following the usual
approach we utilize the large argument asymptotic behavior of the Hankel functions
for τ → −∞
p
p
2/π −ikτ
2/π ikτ
(1)
(2)
Hν (−kτ ) ∼ √
e
,
Hν (−kτ ) ∼ √
e .
(2.60)
−τ k
−τ k
Using the asymptotic expansion (2.60) we can normalize the solution (2.59) to the
vacuum state in flat Minkowski space (i.e. the no particle state) in the infinite past
by taking
√
C2 = 0 .
(2.61)
C1 = π/2 ,

Evidently in early times (when τ → −∞) the solution becomes the positive frequency mode, which correspond to our usual definition of vacuum in Minkowski
space
1
1
χ̂k (τ ) → √ e−ikτ ĉk (τ0 ) + √ e+ikτ ĉ†−k (τ0 )
2k
2k

for

τ0 → −∞ .

(2.62)

The logic in this choice of normalization is based on the redshift of the physical
momentum modes. In order to see this, it is most convenient to first discuss the case
with  ' η ' 0. In this case the solution for both scalar metric perturbations and
gravitational waves reduces to the solution given in equation (2.38) and using the
normalization condition described above we obtain




i
1
i
1
−ikτ
1−
e
ĉk (τ0 ) + √
1+
e+ikτ ĉ†−k (τ0 ) .
(2.63)
χ̂k (τ ) = √
kτ
kτ
2k
2k
From this solution the physics is clear. On scales much smaller than the curvature
radius i.e. scales far inside the horizon |kτ | >> 1 the universe looks flat and one
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can ignore the expansion rate H in equation (2.63) which reduces to the oscillating
Minskowski vacuum solution. As scales red-shift and eventually crosses outside the
horizon the oscillation freezes and their amplitude blows up.
The fluctuations at scales outside the horizon become classical as gravitational
particle production takes place on those scales. This can be understood from
τ0

h0| N̂k |0iτ0 = |βk |2 ,

(2.64)

where N̂k (τ ) = ĉ†k (τ )ĉk (τ ) is the number operator. The Bogoliubov coefficient βk
vanishes on sub-horizon scales, while as the scales cross the Hubble radius it starts
to grow since it is proportional to the amplitude of fk (τ ). This implies that the
quantum state becomes highly squeezed and that perturbations becomes effectively
classical.
Of course, the observable of a quantum field is the n-point correlators. For a
Gaussian free field they can all be expressed in terms of the two-point amplitude.
Hence, properties of a the cosmological perturbations can be expressed in terms of
the power spectrum P(k) defined by
τ0

h0| χ̂†k1 χ̂k2 |0iτ0 ≡ δ(k1 − k2 )

2π 2
Pχ (k) ,
k3

(2.65)

From equation (2.57) we find
Pχ (k) =

k3
|fk |2 .
2π 2

(2.66)

Above we have everywhere discussed the scalar metric perturbations χ̂, but the
discussion is completely general and applies equally well to gravitational waves.
Using the small argument limit of the Hankel functions
r
2 −i π ν− 3 Γ(ν)
(1)
e 22 2
(−kτ )−ν ,
(2.67)
Hν (−kτ ) ∼
π
Γ(3/2)
we can calculate the power spectrum of the curvature fluctuation R = χ/z on
superhorizon scales
2 
2

k3
H
22ν−3
Γ(ν)
2
PR (k) = 2 2 |fk | =
(−kτ )3−2ν (−τ )−2 .
(2.68)
2π z
(2π)2 Γ(3/2)
aφ̇0
Similarly one can calculate the power spectrum of the tensor perturbations ϕ = v/a

2
k3 ˜ 2
22νT −3
Γ(νT )
Pϕ (k) = 2 2 |fk | =
(−kτ )3−2νT (−τ )−2 .
(2.69)
2π a
(2π)2 a2 Γ(3/2)
where f˜k is now given by the solution (2.26) and can be obtained by taking ν → νT
in (2.59).
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One defines the spectral index n of the scalar fluctuations by
n−1=

d ln PR
= 3 − 2ν
d ln k

(2.70)

and the spectral index for the tensor perturbations is defined by
nT =

d ln Pϕ
= 3 − 2νT .
d ln k

(2.71)

Hence, in the limit  = η = 0 the spectrum of both scalar and tensor perturbations
is flat n − 1 = nT = 0.
Since the curvature perturbations in the simplest single field inflationary models
are constant outside the horizon it is useful to calculate the curvature perturbation
at horizon exit1 k = aH

 2  2   2
Γ(ν)
H
H
2ν−3
2ν−1
.
(2.72)
PR (k) = 2
(1 − )
Γ(3/2)
2π
φ̇0
k=aH
As explained in the first chapter, what we really observe is the temperature fluctuations long after the end of inflation, which are related to the density fluctuations
by the relation in equation (1.21). But for modes that enter the horizon when the
universe is still radiation dominated, we have

2
4
k
δk =
Rk ,
(2.73)
9 aH
where δρk /ρ ≡ δρk . For modes which enters the horizon during the matter dominated phase one finds

2
k
2
Rk ,
(2.74)
δk =
5 aH

Remarkably, one is able to calculate the final observed temperature fluctuations
directly from the initial quantum field fluctuations present at the beginning of the
history of the universe.

2.1.5

Open Questions in Inflation

In inflation driven by the potential energy of a quantum field, the end of inflation
occurs when the inflaton reaches the minimum of the potential. At this point the
vacuum energy thermalizes and inflation is followed by the radiation dominated era.
However, since the evolution of the inflaton is influenced by quantum fluctuations,
the thermalization does not occur simultaneously everywhere in the universe. The
thermalized regions grow in time, but the inflating regions separating them grow
even faster, so even if the observable universe is completely thermalized the whole
1

This is the standard expression that can be found in textbooks such as [34].
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universe is newer [43–45]. If inflation is eternal in the future it is natural to ask if
inflation can also extend eternally in the past, avoiding the problem of the initial
singularity.
The most classical singularity theorem, which is often referred to, is that of
Hawking and Penrose [25]. From the Hawking-Penrose theorem follows that a spacetime M contains incomplete, inextendible timelike or null geodesics2 if, in addition
to Einstein’s equations, the following four conditions hold [25, 35]:
• M contains no closed timelike curves (which violate causality).
• At each event in M and for each unit timelike vector u, the energy-momentum
tensor satisfies


1
Tµν − gµν T uµ uν ≥ 0 .
(2.75)
2
This is the strong energy condition.
• Every timelike or null geodesic with unit tangent u has at least one point
where
u[α Rβ]γδ[ uρ] uγ uδ 6= 0 .
(2.76)
• The space-time contains a trapped surface, meaning that light rays emitted
perpendicular to the surface converge toward each other as they propagate
(the singularity sucks the photons into it).
For an energy-momentum tensor of the form T µ ν = (−ρ, p, p, p), the strong
energy condition is equivalent to requiring
ρ + 3p ≥ 0 .

(2.77)

While this condition is always satisfied by ordinary matter and radiation, it is violated during inflation where the universe is dominated by vacuum energy with
negative pressure ρ = −p. Thus, the Hawking-Penrose theorem allows in principle
for past eternal inflation.
In the early nineties Borde and Vilenkin argued for a new singularity theorem
[46]. They showed that if inflation is future eternal and the weak energy condition is
satisfied3 , then space-time can not be past null geodesic complete i.e. it has an initial
singularity. The weak energy condition is the requirement that for every timelike
vector u, the energy-momentum tensor satisfies
Tµν uµ uν ≥ 0 .
2

(2.78)

If a space-time contains timelike or null geodesics that terminates after finite proper time/affine
parameter and the space-time can not be extended beyond the termination point (e.g. due to infinite
curvature), then it is said to be singular. Although the usual definition of singular space-times is
more slightly more general [35].
3
Actually they also had two more mathematical assumptions. They assumed that the universe
is past causally simple and open. Past causally simple just means that all points q in the past light
cone of a point p, are connected to the point p by a future-directed timelike curve.
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It essentially means that the energy density is positive for every observer. With
T µ ν = (−ρ, p, p, p) it corresponds to
ρ≥0 ,

ρ+p≥0 .

(2.79)

Naively, it seems that this condition is satisfied by inflation and thus inflation can
not be eternal. But in the late nineties several groups argued that even the weak
energy condition might be too strong. For instance when quantum fluctuations of
the inflaton are important and takes the inflaton up and down the potential it will
make the Hubble rate decrease in some domains and increase in others, violating
the weak energy condition [47].
In the beginning of the new millennium even that last way out for inflation
to be past eternal was closed. Borde, Guth, and Vilenkin showed that even if the
weak energy condition is violated, inflation can not be eternal in the past [48].
The argument is based on requiring that the Hubble constant is always positive on
average along a past directed null or timelike geodesic (a condition which is violated
in pre-big bang cosmology). We shall repeat the simple version of the argument
below.
Consider the flat FRW metric
ds2 = −dt2 + a2 (t)dx2 .

(2.80)

For simplicity we will only consider null geodesics. From the geodesic equation, one
finds that a null geodesic, with affine parameter λ, satisfies
dλ ∝ a(t)dt .

(2.81)

One can normalize the affine parameter by choosing dλ = [a(t)/a(tf )]dt, so dλ/dt =
1 when t = tf . By multiplying equation (2.81) by the Hubble parameter, H, and
integrating from some initial time ti to tf , we find
Z

λ(tf )

H(λ)dλ =
λ(ti )

Z

a(tf )
a(ti )

da
≤1.
a(tf )

Defining Hav to be an average over the affine parameter,
Z λ(tf )
1
1
H(λ)dλ ≤
Hav =
,
λ(tf ) − λ(ti ) λ(ti )
λ(tf ) − λ(ti )

(2.82)

(2.83)

we see that any backward-going null geodesic with Hav > 0 must have a finite affine
length. In the original paper it was shown that this conclusion actually holds for
also timelike geodesics, that is shown to terminate at finite proper time, and in any
space-time, not only FRW which we assumed here.
Note that even if de Sitter space is geodesic complete, the inflationary coordinates
covers only half of it (see fig. (2.1). This means that there are geodesics which are
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Geodesic
normals

Surfaces of constant
time , t

Figure 2.1: The de Sitter space is the full hyperboloid, but inflationary coordinates only
cover one half of the de Sitter space-time.

complete in the full de Sitter space, but incomplete in the patch covered by the
inflationary coordinates. In the Penrose diagram in fig. (2.2), the causal structure of
de Sitter inflation is shown. The upper triangle is the one covered by the inflationary
coordinates, while the lower triangle is the other part. It is clear from the Penrose
diagram, that inflation can be eternal in the past only in the proper time of comoving
observer, while another observer will see the universe as having existed only a finite
proper time. This is analogous to the black hole example, where the observer at rest
away from the horizon, never sees the observer falling toward the black hole actually
crossing the horizon.
Of course the discussion above is based purely on Einstein gravity. One might
speculate that the regulating effect of string theory also extends to cosmic singularities. However, string theory on time-dependent backgrounds, such as de Sitter
space, is not fully understood so it is not yet known what exactly string theory has
to say about cosmic singularities [49].
Since at present it seems that inflation can not be eternal in the past4 , we might
ask - what is required to get inflation started and whether the initial conditions
needed to start inflation are acceptable? Of course we know that the gradient of
the scalar field driving inflation has to be negligible compared to the potential. Or
framed otherwise, the inflation has to be homogeneous in a large enough region.
Indeed it has been shown that if the weak energy condition is satisfied, inflation
requires initial homogeneity on super-Hubble scales [51, 52]. In this case inflation
does not solve the homogeneity problem but merely improves the situation.
4

See [50] for a loophole.

2.1 Slow-Roll Inflation

27
I+
i

Constant
comoving
radial
coordinate

0

Constant time slices

I −

i−

Figure 2.2: The Penrose diagram of de Sitter space, with the inflationary coordinates
shown. I − is the null surface of t = −∞ and I + is the space-like surface of t = +∞. The
dashed line is the horizon for the observer on the left vertical boundary of the diagram.
In the chaotic version of inflation [53], a small Planck size universe emerges from
the space-time foam or from nothing with initial density of order the Planck density
ρ ∼ Mp4 . The argument is that, only after this moment when ρ . Mp4 it can be
described classically. Thus, at this initial moment the sum of the kinetic energy
density, gradient energy density, and the potential energy density of the inflaton is
of order Planck density
1 2 1
φ̇ + (∂i φ)2 + V (φ) ' Mp4 .
2
2

(2.84)

The constraint on the inflaton field is φ . φp where V (φp ) = Mp4 . Now if by any
chance φ ' φp (due to some quantum fluctuation which generally violates the weak
energy condition), the potential term will dominate and the mini (Planck size) universe will start inflating. Such a quantum probabilistic solution for providing the
necessary initial homogeneity involves the anthropic principle to some extend. One
inescapable ends up discussing the probability for our universe to be created by
such a random process, but it is very difficult to make sense of probability arguments when you only observe one universe. Either way, the basic principle behind
inflation is that it greatly enhances the probability of creating the observed universe
as compared to the SBB model.
Some of the problems mentioned above are of course of a more or less philosoph-
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ical nature and could be called meta-cosmology because it does not relate directly
to observational predictions. But there are also a few problems with inflation that
does relate to its predictive power. The cosmological constant problem is perhaps
the most severe, but it is not intrinsically linked to inflation. On the other hand the
trans-Planckian problem is a problem of theoretical consistency and perhaps observational significance. Actually, one could argue, it is misleading to call it a problem.
More adequately it could be called a promise of observing effects of physics beyond
Einstein gravity, using inflation as a microscope.
From our discussion of the horizon problem in the beginning of this chapter,
it became clear that we really need more than about 60 − 70 e-foldings to solve
the causality problem. But about 70 e-foldings before the end of inflation, scales
corresponding to the size of our entire observable universe fitted inside a Planckvolume. It does not make any sense to apply Einstein gravity on such scales, hence
determining the initial state for the quantum fluctuation becomes non-trivial. In
this way it seems that inhomogeneities that we observe today originates from a
trans-Planckian regime and we expect that the CMB physics should be sensitive to
fundamental physics. Only if we have a specific model for the trans-Planckian physics
at hand, it is possible to uniquely determine the initial condition for the cosmic
perturbations. Such a model was suggested by Hassan and Sloth [3], motivated by
the minimum length property of string theory. In chapter 3 we will investigate this
in more details.
The worst problem of inflation remains the sheer multitude of models. Inflation
must be viewed as a paradigm that can be incorporated in a vast number of models
often with different inflaton potentials. This is a motivation for those who want to
derive an inflationary-like scenario from first principle with definite, sound initial
conditions. The hope being that one after all can find an observational signature
that distinguish that particular model from the generic inflationary scenario. In the
next section we shall introduce the pre-big bang scenario which is perhaps the most
ambitious such attempt.

2.2

Pre-Big Bang Inflation

The initial singularity in the SBB naturally leads to the question, “what came before
the Big-Bang”. The standard inflationary scenario does not really address this question in full details, although it seems as it was one of the main motivations for one
of the pioneers of inflation. The following quote is from the original paper of Starobinsky: “It is well known that many solutions of the classical Einstein equations,
in particular, the Friedmann-Robertson-Walker isotropic homogeneous cosmological
model, contain singularities and can not be analytically continued beyond them. So
a fundamental cosmological problem arises: what was there before the Big-Bang, i.e.
before the stage of classical expansion of the universe?” [4].
In this section we will introduce the pre-big bang scenario invented by Gasperini
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and Veneziano5 [54–57]. We will discuss how the pre-big bang scenario solves the
cosmological problems. An important point is that the problem of the initial state
is well separated from the issue of the Big-Bang singularity, unlike in slow-roll inflation as discussed in the previous section. Pre-big bang string cosmology is the first
scenario where string theory is attempted to be incorporated in order to regulate the
cosmic singularity. In this section we shall also address the phenomenology of the
scenario. Especially we will try to emphasize observational predictions of the prebig bang scenario that differ from the predictions of the standard slow-roll scenario.
This issue will also be discussed in more details in chapter 4.

2.2.1

Toroidal Compactification of the String Effective Action

Since the pre-big bang scenario is based on the four dimensional low energy effective action of string theory, it is natural to first discuss the compactification of
the 10-dimensional action. Thus, in this subsection we shall discuss the toroidal
compactification of the NS-NS sector of the type II and heterotic effective action


Z
p
1
α
D+d
−φ̂
αβγ
R̂ + ∂α φ̂∂ φ̂ − Ĥαβγ Ĥ
(2.85)
Ŝ = d
−ĝe
12
All fields in D + d dimensions are written with hat and indices with Greek letters
in the beginning of the alphabet α = 0, . . . , D + d − 1. Latin indices will denote
compact dimensions a = D, . . . , d − 1, and Greek letters in the end of the alphabet
will denote the external dimension µ = 0, . . . , D − 1. Thus if M denotes the external
and K the internal space-time, then the full space-time can be viewed as the product
M × K. The coordinates of M is then denoted by xµ and the coordinates of K is
denoted by y a . We assume that all the fields are independent of y.
Notice that, even if we for simplicity restrict our considerations here to toroidal
compactification (assuming K is a d-Torus T d ), in many cases the discussion in this
section will also apply to more general settings whenever the only modulus field that
is dynamically important represents the volume of the internal space.
We can parameterize the complete (D + d)-dimensional metric as
ds2 = ĝαβ dxα dxβ = gµν dxµ dxν + hab (dy a + Aaµ dxµ )(dy b + Abν dxν ) .

(2.86)

This is the most general form of the D + d dimensional metric which is invariant
under translations in y a . The determinant is given by ĝ = gh.
The (D + d)-dimensional Ricci curvature scalar is related to the Ricci scalar of
the lower dimensional manifold M by
√
√
1
2 √
1
a
R̂D+d (ĝ) = RD (g) + ∇µ hab ∇µ hab + ∇µ (ln h)∇µ (ln h) − √ 2 h − hab Fµν
F µνb
4
4
h
(2.87)
5

There are two extensive reviews, [7] and [8].
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a
where Fµν
= ∂µ Aaν − ∂ν Aaµ is the field strength of Aaµ . Inserting equation (2.87) into
equation (2.85) implies that the dilaton-graviton sector of the dimensionally reduced
action is given by [58]


Z
1
1
µ
−φ
D √
ab µ
a
µνb
RD + ∂µ φ φ + ∂µ h ∂ hab − hab Fµν F
SD = d x −ge
.
(2.88)
4
4

Above, the D-dimensional effective string coupling is given by the shifted dilaton
field
1
φ = φ̂ − ln h .
(2.89)
2
Now let us consider how the field strengths of some generic form fields behave
under toroidal compactification. The field strength of a (n − 1)-form B̂α1 ...αn−1 is
Ĥα1 ...αn = n∂ˆ[α1 B̂α2 ...αn ] .

(2.90)

Under the compactification the (n−1)-form separates into two components, a (n−1)(n−1)
(n−2)
form Bµ1 ...µn−1 = B̂µ1 ...µn−1 and a (n − 2)-form Bµ1 ...µn−2 = B̂µ1 ...µn−2 y . These have
field strengths
(n−1)
= n∂[µ1 Bµ2 ...µn ] = Ĥµ1 ...µn
(2.91)
Hµ(n)
1 ...µn
and

(n−2)

Hµ(n−1)
= (n − 1)∂[µ1 Bµ2 ...µn−1 ] = Ĥµ1 ...µn−1 y
1 ...µn−1

.

(2.92)

It is now clear that the compactificaton of the NS-NS 3-form field strength in the
action in equation (2.85) on the d-torus produces field strengths for all n-form potentials with n = 0, 1, 2. The full calculation leads to the following lowest order
dimensionally reduced action [58]


Z
1
1
1
1
D√
µνλ
µνa
µab
abc
−φ
SH = − d −ge
Hµνλ H
+ Hµνa H
+ Hµab H + Habc H
.
12
4
4
12
(2.93)
Here Habc = 0, since B̂ab = Bab is y independent. Also, Hµab = ∂µ Bab . Similarly,
b
Hµνa = F̃µνa − Bab Fµν
,

(2.94)

where F̃µνa = ∂µ Ãνa − ∂ν Ãµa and
Ãνa = B̂µa + Bab Abµ .

(2.95)

Finally Hµνρ is given by

3 a
a
= 3∂[µ Bνρ] −
A[µ F̃νρ]a + F[νρ Ãµ]a ,
2

(2.96)

1
1
Bµν = B̂µν + Aaµ Ãνa − Aaν Ãµa − aaµ Bab Aβν .
2
2

(2.97)

Hµνρ
where
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To summarize, the lowest order dimensionally reduced action S = SD + SH can
be written in the form
Z
√
S = dD x −ge−φ L .
(2.98)

The Lagrangian L is given by L = L1 + L2 + L3 + L4 , where

L1 = RD + ∂µ φ∂ µ φ

1
L2 =
∂µ hab ∂ µ hab − hac hbd ∂µ Bab ∂ µ Bcd
4

1
a
L3 = − hab Fµν
F µνb + hab Hµνa Hbµν
4
1
L4 = − Hµνρ H µνρ .
12

(2.99)

Now let us discuss some assumptions which are typically invoked to simplify
the action in equation (2.98). If we assume that B̂αβ and the metric ĝαβ has block
a
diagonal form (B̂µa = 0, Aµa = 0), then Hµνa = Fµν
= 0 and the action is given by

Z
1
D √
−φ
S =
d x −ge
RD + ∂µ φ∂ µ φ − Hµνρ H µνρ
12


1
µ ab
ac bd
µ
+ ∂µ hab ∂ h − h h ∂µ Bab ∂ Bcd
.
(2.100)
4

For the discussion of the pre-big bang scenario, we will obviously be most interested in the special case D = 4. In 4-dimensions the Poincaré dual of a 3-form is a
one-form ∗ Hσ = 61 µνρσ H µνρ . Due to the Bianchi identity the field equation for Hµνρ
is automatically satisfied if
∗
Hµ = eφ H̄µ ,
(2.101)

where H̄ is itself an antisymmetric one-form field strength derived from a scalar
potential; H̄µ = ∂µ σ. Hence, we can write down a dual action to the effective action
in equation (2.100) in terms of the pseudo-scaler axion field, σ
H µνρ = µνρκ eφ ∂κ σ .
The dual action then takes the form

Z
1
4 √
−φ
S =
d x −ge
R4 + ∂µ φ∂ µ φ − e2φ ∂µ σ∂ µ σ
2


1
µ ab
ac bd
µ
+ ∂µ hab ∂ h − h h ∂µ Bab ∂ Bcd
.
4

(2.102)

(2.103)

The moduli fields arising from the internal degrees of freedom hab and Bab are
a set of massless scalar fields. Considering only four dimensional homogeneous and
isotropic cosmologies, where all fields are homogeneous and have same dynamics, the
dynamics of the external space-time can be determined by a single modulus field, β.

32

Two Scenarios of Cosmology

This is equivalent to do a compactification of the 4 + d-dimensional effective NS-NS
action on an isotropic d-torus, where the components of the two-form potential on
the internal space are assumed to be trivial. The moduli field β is called the breathing
mode and determines the volume of the internal dimensions. We can then assume
that the (4 + d)-dimensional metric simplifies to
ds2 = −dt2 + gij dxi dxj + e2β δab dy a dy b .

(2.104)

With this choice of metric, the effective four dimensional dilaton is
φ = φ̂ − 6β
and substituting hab = exp(
S=

Z

4

√

d x −ge

−φ



q

2
β)δab
d

(2.105)

into the action in equation (2.103) yields

1
R4 + ∂µ φ∂ φ − 3∂µ β∂ β − e2φ ∂µ σ∂ µ σ
2
µ

µ



.

(2.106)

The action in equation (2.106) is an obvious starting point for the exploration
of string cosmology because it contains the general terms common for most more
general dimensionally reduced string actions. However, it should be noted that important work has also been done in order to understand the relevance of R-R fields
in string cosmology.

2.2.2

Scale Factor Duality

In this subsection we will discuss the symmetries of the equations of motion derived
from the action in equation (2.106). When the axion field is trivial, σ̇ = 0, the
equations derived from the action (2.106) are invariant under duality transformations
[7],
a → ã = a−1 ,
φ → φ̃ = φ − 6 ln a .
(2.107)

This invariance, called scale factor duality (SF D) and was first discussed in [54].
When a → a−1 the Hubble parameter H goes to into H̃ = −H. However, the cosmological equations are also invariant under time reversal t → −t, which takes
H → −H. Thus, in string cosmology a solution has in general four branches:
a(t), a(−t), a−1 (t), a−1 (−t). Two of them describe expansion (H > 0) and the other
two describe contraction (H < 0) (see fig.(2.3)).
SFD represents one of the key motivations behind the pre-big bang scenario. This
is because to any given decelerated, expanding solution, H(t) > 0, with decreasing
curvature, Ḣ(t) < 0, is always associated an inflationary dual partner describing
˙
accelerated expansion, H̃(−t) > 0, and growing curvature, H̃(−t)
> 0. This duality
of solution has no analogue in Einstein gravity, where there is no dilaton, and suggest
that if string theory regularizes the singularity it will lead to a completion of standard
cosmology, in which the universe smoothly evolves from the inflationary pre-big bang
branch H̃(−t) to the post-big bang branch H(t) (see the dashed line in fig.(2.3)).
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Figure 2.3: The four different branches of the string cosmology backgrounds [7]. The
regularized solution, due to higher order string effects, is indicated by the dashed line.
Now consider the addition of a matter action Sm to the action in equation (2.106).
Let us further assume for simplicity that the internal moduli is frozen and that the
matter takes the form of an isotropic fluid with diagonal energy-momentum tensor,
−2 δSm
,
Tµν = √
−g δg µν

Tµν = diag.(−ρ, p, . . . , p) ,

p/ρ = w = const.

(2.108)

If one introduce the ”shifted” dilaton, density, and pressure
φ̄ = φ − 3 ln a ,

ρ̄ = ρa3 ,

p̄ = pa3 ,

(2.109)

then it turns out that the equations of motion, derived from the action in equation
(2.106) with Sm added, are invariant under time reflection and the duality transformation [7]
a → a−1 , φ̄ → φ̄ ,
ρ̄ → ρ̄ ,
p̄ → p̄ .
(2.110)

It is interesting to note that this transformation reflects the barotropic equation of
state w → −w.
Let us follow [7], and consider a solution to the equations of motion with the
following ansatz
a ∼ tα ,
φ̄ ∼ −γ ln t ,
p = wρ .
(2.111)
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For w 6= 0 the time evolution of a and φ̄ is given by
2w

a ∼ t 1+3w2 ,

φ̄ = −

2
ln t ,
1 + 3w 2

(2.112)

and for ρ, φ the solutions are
ρ = ρ̄a−3 = ρ0 a−3(1+w) ,

φ = φ̄ + 3 ln a =

2(3w − 1)
ln t .
1 + 3w 2

(2.113)

The four solutions related by time reversal and duality transformation is characterized by the scale factors
a± (±t) ∼ (±t)±2w/(1+3w

2)

.

(2.114)

Interestingly, for w = 1/3 and t > 0 one obtains the standard solution for a
radiation dominated universe with constant dilaton
a ∼ t1/2 ,

ρ = 3p ∼ a−4 ,

φ = constant ,

t→∞,

(2.115)

describing decelerated expansion and decreasing curvature
ȧ > 0 ,

ä < 0 ,

Ḣ < 0 ,

φ̇ = 0 .

(2.116)

This solution is related by a duality and time reversal transformation to the pre-big
bang solution [7],
a ∼ (−t)−1/2 ,

φ ∼ −3 ln(−t) ,

ρ = −3p ∼ a−2 ,

t → −∞ , (2.117)

which describes accelerated expansion (inflation), with growing dilaton and curvature
ȧ > 0 ,

ä > 0 ,

Ḣ > 0 ,

φ̇ > 0 .

(2.118)

This shows, that if we use SFD to postulate a phase prior to the big-bang which
is dual to the phase of a radiation dominated universe, then via string theory we are
automatically lead to a phase of growing curvature and growing dilaton.
Scale factor duality is a subgroup of a more general O(d, d) covariance of the action in equation (2.100). In general the groups of duality transformations, that relates
equivalent string backgrounds, corresponds to discrete subgroups of non-compact,
global symmetries of the effective supergravity actions. The global symmetries are
broken to the discrete subgroups by quantum effects. Since the discrete subgroup
O(d, d; Z) of the group O(d, d) is the T-duality group of the toroidally compactified
string, SFD is in this way related to the T-duality of superstring theory.
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In this subsection we will discuss the dynamics of the pre-big bang scenario. In
subsection 2.2.1, we showed that the four-dimensional low energy effective tree-level
action of string theory can be written in the following generic form,
Z
√
1
d4 x −ge−φ [R + ∂µ φ∂ µ φ − 3∂µ β∂ µ β + Lmatter ] ,
Sef f =
(2.119)
0
2α
√
√
where α0 = 8π/Ms . The matter Lagrangian, Lmatter , is composed of gauge fields
and axions which we assume to be trivial constant fields that do not contribute to
the background. Hence, only the quantum fluctuations of the matter fields will be
important, as we will discuss later.
The solution to the equations of motion for the background fields can in the
spatially flat case be parameterized as [7, 8, 54, 56, 57]
τ
a = as
τs

δ
1−δ

,

φ

e =e

φs

τ
τs

3δ−1
1−δ

,

β

e =e

βs

τ
τs

ζ
1−δ

,
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where δ and ζ satisfy the Kasner constraint,
3δ 2 + 6ζ 2 = 1 .

(2.121)

In proper time, the solution becomes
t
a = as
ts

δ

,

φ

e =e

φs

t
ts

3δ−1

,

β

e =e

βs

t
ts

ζ

,

(2.122)

also subject to the constraint in equation (2.121).
Obviously, in order to reproduce an expanding universe with H > 0 at late times,
we must choose a solution with δ > 0 for τ > 0 whose dual solution has δ < 0, H > 0
for τ < 0.
The solution for the shifted dilaton satisfies
1
φ̄˙ = − H ,
δ

(2.123)

which shows that φ̄˙ and H have opposite sign at late times and same sign at early
times, so we say that the pre-big bang era is on the “+” branch and the post-big
bang solution is on the “-” branch. In between the two branches, which are related
by SFD, the scalar curvature H blows up and both branches reach a singularity at
τ = 0. Of course, it is thought that this is only an artifact of our effective theory.
Remember that SFD is a symmetry only of the low-energy effective theory related
√
to the T-duality of the full string theory. As H approaches the string scale (1/ α0 )
and/or the dilaton becomes order one, higher order terms in α0 and/or the string
coupling exp(φ) becomes non-perturbative. It is believed that the regularizing effect
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of string theory will also extend to this problem and smoothen the singularity out
into a continuous regular transition. Note that the vacuum solution for the dilaton
implies


1
,
(2.124)
φ̇ = H 3 −
δ
so on the “+” branch it will always be growing. If a stringy mechanism can bridge
the “+” and the “-” branch in a smooth fashion, we are given a cosmological scenario
which naturally incorporates inflation on the “+” branch and where singularities are
absent due to the properties of small scale physics.
The solution (2.120) suggests that the universe emerged an infinite time ago in
a state of low curvature (H → 0) and weak coupling (φ → −∞). This is actually
the major conceptual difference from the standard lore. Reciting Veneziano [59]:
The Universe started its evolution from the most simple initial state conceivable
in string theory, its perturbative vacuum. This correspond to an (almost)
Empty, Cold, Flat, Free
Universe as opposed to the standard
Dense, Hot, Highly-curved
initial state of conventional cosmology.
Let us now consider how the horizon problem is solved in the pre-big bang
inflation setup. Let us denote by r, the scaling of the size of the proper horizon scale
with respect to the proper size of a homogeneous region, which is given by
r(t) ∼

H −1 (t)
,
a(t)

(2.125)

such that for a generic power-law evolution a ∼ tγ , the ratio scales linearly with
respect to the conformal time,
Z
1−γ
r∼t
∼ a−1 dt ∼ τ .
(2.126)
In the pre-big bang setup, it is reasonable to assume that the standard radiation
dominated era can be extended back in time down to the Planck scale, where it is
immediately preceded by a phase of accelerated expansion. Thus, at the beginning
of the radiation dominated era the horizon size is naturally set by the Planck length
lp , while the size of our universe today, set by the present Hubble radius, red-shifted
back to the beginning of the radiation dominated era is ∼ 1030 lp i.e. the homogeneous
region is much larger than the horizon at that time. To explain this large mismatch,
one concludes that during inflation the ratio r must have increased at least by a
factor 1030 , or more precisely, as shown in equation (2.6), inflation must have lasted
more than 70 e-foldings. From equation (2.126), we see that this means that we must
require
|τf |/|τi | . 10−30
(2.127)
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for the duration of the pre-big bang inflationary phase (τi and τf marks respectively
the initial and the final conformal time for the inflationary era).
For simplicity we assume that the dilaton freezes out at the end of the inflationary
epoch with exp(φf ) ∼ 1, such that the string scale and the Planck scale are of the
same order. During the pre-big bang era the scale factor evolves as (see (2.122))
δ

a ∼ |t|δ ∼ |τ | 1−δ .

(2.128)

It then follows from equation (2.127), that scale factor is at most reduced by ai /af ∼
10−30/(1−δ) . This means that even at the beginning of inflation the homogeneous
region is still very large. In the slow-roll scenario (see previous section) the scale
factor grows like a ∼ |τ |−1 and at the initial stage of inflation a homogeneous region
is of order Planck size. In the pre-big bang case the increase in the size of the
homogeneous region is reduced by a factor of at least
1030δ/(1+δ)

(2.129)

relative to that of √
the slow-roll inflationary scenario. In the case of static internal
dimension δ = 1/ 3, it means that the initial homogeneous region should be of
order 1019 in string units [54, 60, 61], while in chaotic inflation it is of order lp .
It is interesting to view this also in terms of the string coupling gs = exp(φ/2) or
the related Planck length lp . During the pre-big bang era the string coupling must
increase at least by
lp (τi )
gs (τi )
=
=
gs (τf )
lp (τf )



τf
τi

 12 3δ−1
1−δ

3δ−1

. 10−15 1−δ .

(2.130)

√
Then, for |δ| = 1/ 3, one finds that the size of the initial homogeneous region in
Planck units must be extremely large ∼ 1045 lp [7, 61].
Naively, we might think that we could just as well have postulated the universe to be homogeneous at the beginning of the radiation dominated era where
the homogeneous patch is anyway 1030 lp or greater. However, that would amount
to postulate the universe to be homogeneous on super-horizon scales, while in the
pre-big bang the initial homogeneous patch might be large, but it is still sub-horizon.
This is because, as we go backward in time, the horizon increases by a factor
Hi−1 /Hf−1 = (τi /τf )1/(1−δ) , so at the beginning of inflation, Hi−1 ∼ 1030/(1−δ) lp .
It is really a question of which is the natural scale for the initial homogeneous
patch: the Planck scale or the horizon scale. When the universe is initially in a high
curvature, quantum gravity regime, the Planck scale is arguable the natural scale
to use. However, in the pre-big bang scenario the initial condition is set in a weakcoupling, low-curvature, classical regime, where physics is insensitive to the Planck
scale and thus the horizon scale H −1 might be a more reasonable scale to determine
the size of the initial homogeneous patch [7].
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The Graceful Exit

In our discussion of the dynamics of the pre-big bang scenario, we discussed the
“+” and the “-” branch and how they are related by SFD. But we did not discuss
the transition from the one branch to the other. In this subsection we will briefly
discuss some of the possibilities of how such a transition might work and some of
the problems involved from a theoretical point of view.
There exists no-go theorems, which states that neither a dilaton potential nor
matter sources in the form of a perfect fluid can accommodate the transition [62, 63].
On this basis, it is argued that the transition can not occur while the curvature is
below the string scale and the string coupling is weak. Higher order corrections in
the string coupling gs , controlling the string-loop corrections, or in α0 , controlling
the finite-string-size correction, must be important for the transition, leading to an
intermediate string phase of high curvature or strong coupling [64].
If the initial value of the string coupling is small enough, it is possible that the
universe will reach a high curvature regime while the string coupling is still weak.
One can then consider the effect of including only the first order correction in α 0
Z
√
1
σ
Sα 0 =
d4 x −ge−φ α0 Rµνρ
Rσµνρ
(2.131)
8
while neglecting terms beyond the lowest order in gs . The action (2.131) contains
ghosts due to the R2 term [65], while string theory is ghost free, and it was argued
in [66] that additional R2 and Rµν Rµν terms must be added to remove the higher
derivatives and yield a theory without ghosts. This is commonly done by replacing
the square of the Riemann tensor with the Gauss-Bonnet invariant [66]
2
σ
RGB
≡ Rµνρ
Rσµνρ − 4Rµν Rµν + R2 .

(2.132)

This comes at the price of introducing dilaton dependent α0 corrections. One can
make a field redefinition [8, 67]
g̃µν = gµν + 2α0 [Rµν − ∂µ φ∂ν φ + gµν ∂σ φ∂ σ φ]
1
φ̃ = φ − α0 [R + 3∂σ φ∂ σ φ] ,
(2.133)
2
such that, dropping the tilde over the redefined fields, the α0 correction can be
written as
Z

√
1
2
d4 x −ge−φ α0 RGB
Sα 0 =
− (∂φ)4 .
(2.134)
8
It is interesting that the pre-big bang equations of motion, with this α 0 correction
added, possesses fixed point solutions for constant H and φ̇ and that numerical
integrations have shown that the solutions with pre-big bang like initial conditions
are attracted toward the fixed point [67, 68]. In the string phase where H and φ̇ are
constant, they can be parameterized as [69],
a(τ ) =

−1
,
Hs τ

φ(τ ) = φs − 2β ln |τ /τs | ,

τs < τ < 0 .

(2.135)
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Although this solution does not exhibit a full transition to the post-big bang FRW
universe, it does show an indication of how the finite-string-size effects regularize
the theory and yield a non-singular solution.
Also a full transition to the post-big bang era has been found [70], but in general
it requires some temporary violation of the null energy condition due to quantum
corrections to the string effective action in order to escape the fixed point of constant curvature and linearly growing dilaton. However, the precise form of quantum
loop corrections is not known, and the full transition has been demonstrated only
in principle. An other aspect is, that the dilaton is still growing linearly in the intermediate string phase, and we are thus likely to encounter a strongly coupled regime
where the light modes of the effective action are different and related to the original
ones by S-dualty. This signals the entering to a D-brane dominated phase6 [68, 72].
However, even if the quantum correction turn out to have the right form to
provide an exit from the string phase to a phase of decelerated expansion, the stabilization of the dilaton remains problematic, even if the generalized second law
seems to suggest that a solution must exist [73–76].

2.2.5

String Frame vs. Einstein Frame

Until now we have used the string frame in our discussion of the pre-big bang
scenario, which is the most natural from a string theory point of view. However, in
the string frame the dilaton is not minimally coupled to the metric, and in order
to compare with other scenarios it is convenient to go to the Einstein frame, where
the dilaton is minimally coupled. The theory formulated in the string frame and the
Einstein frame does not correspond to two different models, but are simply different
kinematic representations of the same scenario in two different frames related by a
conformal transformation


−2
2
2
g̃µν = Ω gµν ,
Ω ≡ exp
φ
(2.136)
d−2
on the d-dimensional metric, together with the field redefinition
r
2
φ.
φ̃ ≡
d−2

(2.137)

In this way the action in equation (2.100) transforms into an “Einstein-Hilbert”
form [8]

Z
p
1 √
D
S =
d x −g̃ R̃D + ∂˜µ φ̃∂˜µ φ̃ − e− 8/(d−2)φ̃ H̃µνρ H̃ µνρ
12


1 ˜
µ ab
ac bd ˜
µ
˜
˜
+ ∂µ hab ∂ h − h h ∂µ Bab ∂ Bcd
.
(2.138)
4
6

In fact, by putting the pre-big bang universe on the brane, the author of [71] claims to obtain
a graceful exit at low curvature and weak coupling, without violating the Null Energy Condition.
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in the Einstein frame.
From the conformal transformation in equation (2.136), we see that in the Einstein frame, the scale factor is given by
ã = ae−φ/(d−2)

(2.139)

dt̃ = e−φ/(d−2) dt .

(2.140)

and the cosmic time is given by

Then in the Einstein frame, the solution given in equation (2.122), becomes
ã ∼ (−t̃)1/3 ,

3δ−1

eφ̃ ∼ (−t̃)−2 3δ+3 ,

t̃ < 0 ,

t̃ → 0− .

(2.141)

It is evident that in this frame, the solution describes accelerated contraction with
growing dilaton and growing curvature:
dã
<0,
dt̃

d2 ã
<0,
dt̃2

dH̃
<0,
dt̃

dφ̃
>0.
dt̃

(2.142)

It is important to note that both in the string frame and the Einstein frame, the
event horizon is given approximately by H −1 , just like in the quasi de Sitter case.
To summarize, let us consider a power-law evolution of the scale factor in cosmic
time. As we showed already in the introduction to this chapter, to solve the flatness
problem, we need a sufficiently long era where ȧ and ä has same sign. Following
Gasperini [77], the two classes of backgrounds are
• Class I: a ∼ tβ , β > 1, t → +∞. This class of backgrounds corresponds to what
is conventionally called “power inflation”, describing a phase of accelerated
expansion and decreasing curvature scale, ȧ > 0, ä > 0, Ḣ < 0. This class
contains, as a limiting case, the standard de Sitter inflation, β → ∞, a ∼ eHt ,
Ḣ = 0, i.e. accelerated exponential expansion at constant curvature.
• Class II: a ∼ (−t)β , β < 1, t → 0− . This is the class of backgrounds corresponding to the string cosmology scenario. There are two possible subclasses:
– IIa: β < 0, describing superinflation, i.e. accelerated expansion with growing curvature scale, ȧ > 0, ä > 0, Ḣ > 0.
– IIb: 0 < β < 1, describing accelerated contraction and growing curvature
scale, ȧ < 0, ä < 0, Ḣ < 0.
The string frame formulation of the pre-big bang scenario belongs to class IIa,
while the equivalent Einstein frame description belong to class IIb.
In the contracting frame, the flatness and horizon problems are solved because
the energy density of the dilaton becomes dominant over the curvature as ã → 0
and the horizon decreases much faster than the scale factor.
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Phenomenology

In the previous section, we already treated the theory of quantum and classical
cosmological perturbations in the context of slow-roll inflation. In Pre-big bang
cosmology the CMB fluctuations and the large scale structure are created in a similar
fashion by quantum field fluctuations which are pushed outside the horizon and
become classical. Also in the pre-big bang scenario we can normalize the modes to
the Bunch-Davies vacuum in the infinite past, because the universe starts out in
the infinite past, in an empty state with vanishing curvature. We shall therefore
not repeat the details of the formalism, but rather restrict ourself to highlight the
differences in a qualitative manner. In chapter four, we will deal with some of the
phenomenological aspects in a more quantitative way, as we will describe how the
observed spectrum of CMB perturbations is created by the late decay of a stringy
axion field.
In the Einstein frame we can parameterize the tensor and scalar perturbations
of the metric just like in equation (2.22) and (2.27) respectively. Let us first consider
the simpler tensor perturbations. The perturbation equation for the polarization
modes hk , is the same as in equation (2.25) [8]:
ã0
h00k + 2 h0k + k 2 hk = 0 .
ã

(2.143)

From the background solution in the Einstein frame (2.141), it is easy so see that
ã(τ ) ∼ (−τ )1/2 and the solution is of the form
h
i
(1)
(2)
hk = C1 H0 (−kτ ) + C2 H0 (−kτ ) .
(2.144)

Now comparing with equation (2.40), we see that in the pre-big bang scenario νT = 0
and from equation (2.71), we find that the spectral index for the tensor fluctuations
is
nT = 3 .
(2.145)

This is in contrast to the conventional inflation models which requires nT < 0, and it
can be considered to be a robust and unique prediction of the pre-big bang scenario.
There is a possibility that such a spectrum could be observed by future gravitational
wave detectors [78–81].
Now let us consider the scalar perturbations. In the longitudinal gauge the growing mode blows up in such a way that the linear perturbation theory breaks down.
This is however a gauge artifact and instead one should work in another gauge. It is
common to choose the off-diagonal gauge (also called “uniform curvature” gauge).
It is defined by taking ψ = 0 = E in equation (2.27). Comparing with equation
(2.28), we see that this corresponds to the gauge transformation
ξ0 = −

ãψ
,
ã0

ξ=E .

(2.146)
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The non-vanishing gauge-invariant scalar quantities are then from (2.28),
Ã ≡ A + ψ +



ãψ
ã0

0

B̃ ≡ B − E 0 −

,

ãψ
.
ã0

(2.147)

In Fourier space, the perturbed Einstein equation yields the following evolution
equation for the Fourier mode Ãk [8]:
ã0
Ã00k + 2 Ã0k + k 2 Ãk ,
ã

(2.148)

ã0
+ 2 B̃k
ã

(2.149)

and the constraint
Ãk = −



B̃k0



for the Fourier mode of B̃. The equation for Ãk is identical to the equation for the
gravitational waves, and by using the background solution ã(τ ) ∼ (−τ )1/2 , we find
h
i
(1)
(2)
Ãk = A1 H0 (−kτ ) + A2 H0 (−kτ ) .
(2.150)
Expressing Ã in terms of the Bardeen potentials, it can be seen that Ã is related
to the curvature perturbation on uniform energy density hypersurfaces ζ. In fact,
using ã(τ ) ∼ (−τ )1/2 one can show that [8]
ζ=

Ã
.
3

(2.151)

The curvature perturbation on slices of uniform energy density ζ is the same as the
comoving curvature perturbation R on large scales. It can also be shown that Ã is
related to the perturbations of the dilaton φ, and the moduli, β, as [8]
Ã =

β 0 ã
φ0 ã
δφ
+
δβ ,
4 ã0
4 ã0

(2.152)

and by normalizing δφ and δβ to the Bunch-Davies vacuum in the infinite past, one
finds7 [8]
8
Pζ = 2 lp2 H̃ 2 (−kτ )3 [ln(−kτ )]2
(2.153)
π
at late times (kτ → 0). One can then calculate the spectral index of the curvature
perturbations
d ln Pζ
n≡ 1+
=4.
(2.154)
d ln k
This is ruled out by observations which requires n ' 1 [24].
7

From equation (2.152) one sees that the spectral index of the scalar perturbations is basically
given by the spectral index of the dilaton and the moduli perturbations.
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However, in a multi field inflationary scenario, the density perturbations at late
times are not only related to ζ and there is as well the possibility that a change
in the equation of state on super horizon scales can induce a significant curvature
perturbation after the end of inflation (see chapter 4). Thus, in the presence of axion
fields the situation is not so simple and in fact we will show in chapter 4 that the
axion fields can give rise to the observed spectrum of CMB perturbations.
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Chapter 3
The Trans-Planckian Problem of
Inflation
In this section we shall address the trans-Planckian problem of the standard inflationary scenario. In the first and second chapter, we emphasized that in order to
solve the horizon and flatness problem, inflation must have lasted more than 65 − 70
e-foldings. If this is true, then if we redshift the scale corresponding to the size of
our universe today back to the onset of inflation, it must have been smaller than the
Planck length.
To see this, we consider the following argument. The reheat temperature, TRH ,
is related to the Hubble parameter at the time of reheating by [27]
H2 '

8π 3 g∗ 4
T
.
90m2p RH

(3.1)

If the conversion of the inflaton potential energy is perfectly efficient and the Hubble
rate during inflation is HI ∼ 10−5 mp , it will lead to a reheat temperature of about
TRH ∼ 1016 GeV. Since the temperature of the photon fluid Tr is inversely proportional to the scale-factor Tr ∼ 1/a and the universe today has temperature
T0 ∼ 0.1 meV, the scale-factor has increased by
a0
∼ 1029
aRH

(3.2)

since the reheating time. If the scale factor has increased by 70 e-foldings during
the inflationary period prior to the reheating, it means that from the beginning of
inflation until now the scale factor has increased by
a0
∼ 1055 .
ai

(3.3)

The largest observable scale in the CMB anisotropies corresponds to the size of the
Hubble scale at decoupling, at z ' 1100. Today the Hubble parameter is H0 ∼
10−42 GeV with the scale factor dependence ∼ a−3/2 during the matter dominated
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era, so the largest observable scale is λl=1 ∼ 1037 GeV. The observable scales in
the CMB anisotropies span 3 orders of magnitude, so the smallest observable scale
in the CMB anisotropies corresponds to λl=1000 ∼ 1033 GeV−1 . Thus the smallest
observable scale in the CMB anisotropies is λl=1000 ∼ 1052 lp , which at the beginning
of inflation would have been 3 orders of magnitude less than the Planck length. Thus
if inflation lasts more than 70 e-foldings the observable scales in the CMB spectrum
originate from sub-Planckian scales.
However, Einstein gravity is believed to break down at small scales near the
Planck length, so the standard treatment of perturbations seems to be incomplete
at the initial stages of inflation [82, 83].
Only if the Hubble parameter during inflation is much smaller than1 10−5 mp , so
that the reheat temperature is very small and inflation does not last much longer
than 70 e-foldings, the trans-Planckian problem can be avoided. One could view this
as merely a theoretical constraint on a given inflationary scenario, but on the other
hand there exist popular inflationary scenarios, such as chaotic inflation [53], which
do not satisfy such a theoretical constraint. Hence, it is interesting to explore the
effect of short scale physics on the spectrum of the CMB anisotropies [3, 17, 85–115].
Naively, one might think that one could specify the initial state for the perturbation modes just when they emerge from the trans-Planckian regime. But in
the next subsection we will show that such a choice is not unique. Further, the
standard Bunch-Davies vacuum might in fact be an unnatural choice for the vacuum of the modes at the moment when they become larger than the Planck length
[94, 109, 115]. Then, in subsections 3.2 and 3.3, we will show how a minimum length
scale can be incorporated into quantum field theory in curved space, essentially protecting the modes from the trans-Planckian regime and selecting a natural vacuum
for the modes [3]. This approach is inspired by the non local nature of string theory
and quantum gravity, which shows that in nature, most likely, a minimum length
scale exists. Finally in subsection 3.4, we shall discuss a novel feature, the transPlanckian damping, and how it might help in fixing a unique initial state for the
quantum fluctuations.

3.1

Ambiguity in the Choice of Initial State

In the section 2.1.4 on cosmological quantum perturbations, we discussed how the
spectrum of quantum perturbations depends on the normalization to the vacuum at
the initial time. In this section we shall discuss what happens if we take the initial
time to be the time when a given mode emerges from the trans-Planckian regime
and normalize it to the vacuum at that point.
The theory of metric perturbations basically reduces to a free scalar field theory
in curved space, as can be seen from equations (2.24) and (2.33). We can expand
1

In [84], a scenario was proposed where the inflationary potential can be as low as at the GeV
scale.
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the canonically normalized quantum field χ̂, describing either tensor or scalar metric
fluctuations, as in equation (2.120),
χ̂k (τ ) = fk (τ )ĉk (τ0 ) + fk∗ (τ )ĉ†−k (τ0 ) ,

(3.4)

where the mode function fk satisfies the same equation of motion as the classical
field χ, which in pure de Sitter space is given by


a00
00
2
χk + k −
χk = 0 .
(3.5)
a
The canonical conjugate field π̂ can be expanded in a similar fashion [116],
π̂k (τ ) = −i(gk (τ )ĉk (τ0 ) − gk∗ (τ )ĉ†−k (τ0 )) .

(3.6)

In terms of the Bogoliubov coefficients defined in equation (2.54)
1
fk (τ ) = √ (αk (τ ) + β ∗ (τ )) ,
2k
r
k
(αk (τ ) − β ∗ (τ )) .
gk (τ ) =
2

(3.7)

As can be seen from equation (2.59) with ν = 3/2, the general solution to the
equation of motion in de Sitter space, yields




C̃1
C̃2
i
i
−ikτ
fk = √
e
+√
eikτ
(3.8)
1−
1+
kτ
kτ
2k
2k
and one can also verify that
gk = C̃1

r

k −ikτ
e
− C̃2
2

r

k ikτ
e .
2

(3.9)

In section 2.1.4, we showed how the standard normalization to the Bunch-Davies
vacuum in the infinite past corresponds to setting C̃1 = 1 and C̃2 = 0. This is a
natural choice in the infinite past, when the term proportional to 1/kτ vanishes and
the C̃1 -term just becomes the positive frequency mode.
Let us follow the argument of [109] and investigate the consequence of normalizing the modes to the vacuum at a finite time τ0 , when 1/kτ0 is not vanishing. By
comparing equation (3.7) with equation (3.8) and (3.9), we find the solution for the
Bogoliubov coefficients
 


1
i
i ikτ
−ikτ
αk =
C̃1 2 −
e
+ C̃2 e
2
kτ
kτ

 

1
i
i −ikτ
∗
ikτ
(3.10)
βk =
C̃2 2 +
e − C̃1 e
2
kτ
kτ
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where the normalization constraint in equation (2.55), leads to
|C̃1 |2 − |C̃2 |2 = 1 .

(3.11)

Defining the mode to be in the vacuum at time τ0 amounts to requiring βk∗ (τ0 ) = 0,
such that the vacuum expectation value of the number operator vanishes at that
point. One then finds
ie−2ikτ0
C̃2 (k) =
C̃1 (k) ,
(3.12)
2kτ0 + i
which implies
1
|C̃1 (k)|2 =
,
(3.13)
1 − |Ak |2
where

Ak =

i

.
(3.14)
2kτ0 + i
Using the definition of the power-spectrum in equation (2.66), one obtains [109]

1
1 
2
2
∗
∗
Pφ (k) = 2 Pχ (k) ∼ 2 2 |C̃1 (k)| + |C̃2 (k)| − C̃1 (k)C̃2 (k) − C̃1 (k)C̃2 (k)
a
4π τ
 2

1
H
,
(3.15)
1 + |Ak |2 − Ak e−2ikτ0 − A∗k e2ikτ0
=
2π
1 − |Ak |2

where φ = χ/a is the inflaton field fluctuations. Note that in the limit τ0 → −∞ on
obtains Ak = 0 and Pφ (k) = (H/2π)2 in agreement with the results in section 2.1.4
for the pure de Sitter case with ν = 3/2. However, following the line of reasoning
in [109], for a given k we choose a finite τ0 such that the physical momentum p
corresponding to the mode k, has the fixed value Λ at τ0 ,
p(τ0 ) = k/a(τ0 ) = Λ .

(3.16)

Here Λ corresponds to the scale of new physics. Also,
τ0 = −

Λ
Hk

(3.17)

so τ0 depends on k. It is natural to assume that Λ/H >> 1, and in this limit one
finds as in [109]:
 2 
 
H
H
2Λ
Pφ (k) =
1 − sin
.
(3.18)
2π
Λ
H
A generalization of this result to general backgrounds has been given in [115]. It is
interesting to note the periodic modulation of the amplitude which is a genuine (but
not unique) signature of normalizing the modes to the vacuum as they exit from the
trans-Planckian region. It has been argued that if the scale of fundamental physics,
Λ, is only 2 orders of magnitude larger than the Hubble parameter during inflation,
then this effect will in principle be observable in the CMB spectrum [114].
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It was first suggested in [94] that the modes should be in a state of minimum
energy density as they cross the new physics boundary. It was also noted that the
adiabatic vacuum for each mode, at this point, has a higher energy density.
One should keep in mind that the procedure above is not unique. In [115] it
was shown that the procedure above corresponds to defining an initial state that
minimize the following Hamiltonian as the mode exits from the trans-Planckian
regime:
 2

Z
2
2
(1)
3 1 Π
+ a (∂i φ) ,
H (τ ) = d x
(3.19)
2 a2
where φ = χ/a and Π = aπ. In [115] it was also shown that this is not the same state
that minimize other Hamiltonians obtained by suitable canonical transformations
of the original canonical fields and Hamiltonian. Though the different Hamiltonians
describe the same dynamics, the initial state crucially depends on which Hamiltonian
is minimized on the new physics hyper-surface. In fact, it was shown that defining
the initial state by using the canonical related Hamiltonians


Z
a0
2
2
(2)
3 1
H (τ ) =
d x π + 2 χπ + (∂i χ) ,
2
a


Z
00
a 2
2
2
(3)
3 1
(3.20)
H (τ ) =
d x π̃ − χ + (∂i χ) ,
2
a

where π̃ = χ0 , both yields much smaller trans-Planckian effects.
The approach described above is of course a reasonable approach when one does
not have an understanding of the trans-Planckian physics, but in addition to the
ambiguities discussed, it is not even clear that the modes should be in the vacuum
when they exit from the trans-Planckian regime. If the trans-Planckian dynamics is
sufficient non-adiabatic they could exit in an excited state. To understand this, one
needs an understanding of the trans-Planckian regime. In the next section, we will
make an attempt in this direction.

3.2

The Minimum Length Uncertainty Principle

The Planck scale physics is not very well understood and various approaches has
been suggested in the literature in order to take it into account.
Inspired by black-hole physics [117–119], Brandenberger and Martin used an ad
hoc modified dispersion relation in order to check whether inflation is robust to
changes in the quantum field theory at Planck scales [85, 87]. The Unruh and the
Corley-Jacobsen dispersion relations, which were first suggested in the context of
Hawking evaporation of black-holes, were adopted to the trans-Planckian problem
of inflation:
γ 

p
1/γ
ωphys = MΛ tanh
,
Unruh
MΛ

50

The Trans-Planckian Problem of Inflation

"

2
ωphys
= p2 1 + b m



p
MΛ

2m #

,

Corley − Jacobsen .

(3.21)

Here p is the physical momentum and ωphys is the physical frequency of a given mode.
The scale of new physics is given by MΛ and γ, m, bm are adjustable parameters.
The Corly-Jacobson dispersion relation has two quantitatively different behaviors
depending on the sign of bm , see also figure (3.1). Of these dispersion relations, only
the Corley-Jacobsen with bm < 0 turned out to give an observable signature in the
CMB spectrum [108].
Although interesting, it is not clear how exactly these ad hoc dispersion relations
should be related to some new physics. The most promising theory of physics at
Planck scales is string theory. However, string theory is not well understood in de
Sitter space-time and in Minskowski space it is Lorentz invariant unlike the theory
obtained from the modified dispersion relations.
But even if a direct derivation of the trans-Planckian effects from a fundamental
theory is not yet possible, there seems to be at least one robust characteristic feature,
which is crucial for the understanding of the trans-Planckian problem. This is the
existence of a minimum length scale2 .
That perturbative string theory behaves like there is a minimal length scale is
a well known feature [121, 122] (see also [123, 124]). As one tries to probe distances
shorter than the Planck length with increasing energies, the string gets excited and
stretches [125]. The minimum length appears as if the usual uncertainty principle
has to be replaced by a minimum length uncertainty principle:


1
1
2
+ ls ∆p + . . . .
(3.22)
∆x ≥
2 ∆p
The minimum length uncertainty principle can be related to a modification of the
standard space-momentum commutation relations [126, 127].
In this connection it is also interesting
to note that Atick and Witten argued
√
0
that “outside distances of order α , string theory is properly described in terms
of strings; at shorter distances some more novel description is needed. This novel
description involves a system with far fewer degrees of freedom per unit volume than
one would ever have in relativistic field theory.” [128]. Atick and Witten compare
this with the ultraviolet divergences of classical physics, where the solution was a
reduction of the degrees of freedom by postulating that the continuum of classical
phase-space does not exist, and must be replaced by a system which on average has
one degree of freedom per 2π~ of area. Of course that did not lead people to think
that phase-space is a lattice. The actual cutoff in classical physics is more subtle,
involving Heisenberg’s x, p commutation relation. It is then suggested that: “A new
version of Heisenberg’s principle - some non-commutativity where it does not usually
arise - may be the key to the thinning of the degrees of freedom that is needed to
describe string theory correctly” [128].
2

For a review of how a minimum length appears in quantum gravity and string theory, see [120]
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In [3], we followed some of these lines of thinking. As we will discuss below, we
used the minimum length uncertainty principle as a guiding principle to incorporate
a minimum length into quantum field theory, using a modification of Heisenberg’s
x, p commutators. It does not only lead to a resolution of the trans-Planckian problem, but also to a reduction of the degrees of freedom similar to what was found by
Atick and Witten [128].
The minimum length uncertainty principle in string theory is a dynamical effect
rather than a fundamental feature. It arises due to the dynamics of the high-energy
theory, for instance in the high-energy string scattering amplitudes
which effectively
√
makes it impossible to probe distances much shorter than α0 [122]. This dynamical
effect can then be encoded in the structure of the effective field theory, by using the
modified uncertainty principle (i.e. modified commutators) as a trick to obtain the
effective field theory, consistent with the minimum length.
Suppose one could really derive an effective field theory description of some highenergy process from a fundamental theory, for example, by summing up to all orders
the relevant terms of a perturbative expansion in powers of energy. Such an effective
field theory would automatically incorporate the minimum length feature of (3.22)
in its structure. But instead of adding up the high-energy corrections, that encode
(3.22), we can absorb them into a modification of the x, p commutators. This will
leave the apparent structure of the field theory unchanged while changing instead
the relation between space and momenta. In this way, the modified commutators are
only a trick, without fundamental significance, to guess the form of the high energy
corrections to a field theory consistent with the minimal length principle.
Now let us consider a general class of modified commutation relations, consistent
with rotational invariance, that lead to a minimum length uncertainty3 [126, 127],
[xi , pj ] = i δ ij f (p) + i g(p) pi pj ,

[xi , xj ] = 0 ,

[pi , pj ] = 0 .

(3.23)

The information about the modification is entirely contained in the function f (p).
The term with g(p) is required by the Jacobi identities and is fully determined in
terms of f (p) (see, for example, [126]). The obvious restriction on f (p) is that for
small enough p it should reduce to 1, leading back to the standard commutators. It
is understood that p is measured in units of some high-energy scale, say, the Planck
mass, ls−1 .
To understand how the modified commutator implies a minimum length, we use
a useful construction in Minkowski space introduced in [126]: Introduce auxiliary
variables ρi such that on functions φ(ρ),
xi φ(ρ) = i

∂
φ(ρ) .
∂ρi

(3.24)

Below we follow the convention in [3] and let bold-face letters xi , pi , ρi , · · · denote quantum
mechanical operators corresponding to xi , pi , ρi , · · ·, while p, ρ, · · · denote the magnitudes of vectors
pi , ρi , etc.
3
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The ρi are given in terms of the momenta pi as,
ρi =

pi
.
f (p)

(3.25)

Now, using a formal power series expansion for f (p), it is easy to verify that (3.23)
and (3.24) are equivalent. Further, let us assume that f (p) is such that as p varies
from 0 to ∞, ρ stays bounded between 0 and some maximum value ρmax . Here, p
and ρ denote the magnitudes of pi and ρi , respectively.
One can now understand the essential consequence of (3.23) without getting
into the details of the construction of the relevant function spaces. Equation (3.24)
implies the commutator
[ xi , ρ j ] = i δ ij ,
(3.26)
and hence, the associated uncertainty relation ∆xi ≥ 1/(2∆ρi ). Since we assume ρ
to be bounded by ρmax , the maximum uncertainty in ρi is 2ρmax . Thus, there is an
associated minimum length uncertainty,
(∆x)min ∼

1
ρmax

.

(3.27)

This is required to be of order one, in units of the ls appearing in (3.22). The
conditions on f (p) are summarized below:
• As p → 0, f (p) → 1 and ρ → p .
• ρ = p/f (p) is bounded by 1 in units of ls−1 , which we take to be the Planck
mass.
• The most natural functions f satisfying the last condition are those for which
ρ increases monotonically with p, approaching its maximum value ρmax as
p → ∞. An example is
ρ = tanh1/γ (pγ ) .
(3.28)
which has the form as the Unruh dispersion relation in equation (3.21).
In formulating a theory based on the modified commutator, it may be tempting
to speculate on identifying ρ as the physical momentum with a cut-off. However, a
momentum cut-off is not natural from the point of view of fundamental physics. For
example, in string theory loop diagrams are naturally regulated as a consequence
of modular invariance, and not by a momentum cut-off. Moreover, if the modified
commutator (3.23) is obtained by analyzing physical processes in some fundamental
theory, then p will manifestly correspond to the physical momentum.
The construction above can easily be generalized to a flat RW space with metric

ds2 = a2 (τ ) −dτ 2 + dy i dy j δij .
(3.29)
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As usual we denote the comoving momentum (wave number) conjugate to y i by
ki . Physical distances at time τ are simply given by a(τ ) y i . Also, the physical momentum undergoes a red-shift with time and, in the metric above, is given by ki /a(τ ).
The minimum length uncertainty should be time independent and apply to the physical lengths. At the same time, the modified commutator should be consistent with
the residual symmetries of the metric (3.29), in terms of comoving coordinates.
Only a subset of general coordinate transformations keeps the form of the RW
metric in comoving coordinates unchanged. Besides rigid spatial rotations and translations, which are in common with flat space, this subset also contains constant
rescalings of the coordinates that amount to rescaling a, keeping the form of the
metric unchanged. Then, the analogue of the modified commutator (3.23) in the flat
RW space, consistent with the residual covariance of the metric gµν in the comoving
coordinates, is
[ yi , kj ] = igij f (k) + ig(k) ki kj ,
(3.30)
where, k i = gij kj = a−2 δ ij kj . This should not lead to a fixed minimum length
uncertainty in the comoving coordinates y i , which would result in a rather large
uncertainty in the proper distance ay i at the present epoch. It is easy to see that it
is actually the physical distance that has a fixed minimum uncertainty: In order to
compare with the flat space case, let us introduce ni = ki , ni = δ ij nj = a2 k i , so that
k 2 = n2 /a2 . In terms of this, the commutation relation takes the form
[ayi ,

n
n ni nj
nj
] = iδ ij f ( ) + ig( )
.
a
a
a a a

(3.31)

This has the same structure as (3.23) and hence implies a minimum position uncertainty in the physical or proper distance ay i as desired, with ni /a as the physical
momentum. More precisely, in analogy with the flat space case, one can introduce
the “physical” auxiliary variables ρi as well as “comoving” ones, ρ̂i , given by
ρi =

ni /a
,
f (n/a)

ρ̂i = a ρi .

(3.32)

The commutator (3.31) now becomes
[ayi , ρ j ] = i δ ij .

(3.33)

This leads to a minimum length in ay i as (a∆y)min ∼ ρ−1
max . Since ρ is a function
of a single variable, this value is τ -independent. In terms of the “comoving” version
of the auxiliary variable ρ̂i = aρi , the commutator is [yi , ρ̂j ] = i δ ij . Note that
unlike the flat space case above, f and ρi have now become time dependent through
the red-shift of the physical momentum. However, they still satisfy the restrictions
described below equation (3.27).
A field theory based on the modified commutator relations will contain new
effects that become important at high energies, which as explained above, are expected to reproduce an effective field theory that provides a description of high
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energy interactions in a fundamental theory. Especially we find a modification of
the dispersion relation leading to a minimum bound on the wavelengths, and an
increase in the phase volume occupied by a quantum state at high momenta leading to trans-Planckian damping. The effect of modified dispersion relations on the
predictions of inflationary cosmology is, as already mentioned, well studied, but the
trans-Planckian damping is a novel feature of the minimum length formalism [3].
But while the dispersion relations has previously been modified ad hoc in the literature, the minimum length principle provides a deeper understanding of the physics
of the modifications and even some constraints.

3.3

Scalar Field with Modified Commutator

Let us consider the standard free scalar field theory in Robertson-Walker space-time,
1
S=−
2

Z

√

1
d x −g g ∂µ φ ∂ν φ = −
2
4

µν

Z

3

2



dτ d y a ∂τ φ ∂τ φ−

3
X
i=1



∂yi φ ∂yi φ . (3.34)

The equation of motion in terms of χ(τ, y) = a(τ ) φ(τ, y) is


∂τ2

−

3
X
i=1

∂y i ∂y i −

∂τ2 a 
χ = 0.
a

(3.35)

The quantum mechanical commutators becomes relevant to the structure of free
field dispersion relations. Since yi and ρ̂i satisfy the standard commutation relation,
we can write the Fourier transform
φ(τ, y) = a

3

Z

ls−1

i

d3 ρ φ̃(τ, ρ̂) eiy aρi .

(3.36)

−ls−1

One has to be careful since the Fourier transform is now time-dependent. Keeping
in mind that this formalism is only a trick to incorporate a minimum length into the
field theory and requiring that the theory should be consistent with the homogeneity
of the background, it can be argued that the extra terms arising from the timedependence of the Fourier transform should be dropped4 [3]. Then in terms of the
Fourier modes, and after expressing ρ̂ in terms of n from (3.32), one obtains the
action
Z

1
n2
n 2
∗
∗
3
(3.37)
S=−
φ̃ φ̃ .
dτ d n J( ) a ∂τ φ̃ ∂τ φ̃ + 2
2
a
f (n/a)
4

There is nothing that tells us that the action in equation (3.34) is really the right starting
point. In fact, the extra terms that we ignore, are a sign that equation (3.34) is not exactly right
at high energies, and the formulation of the theory in Fourier space in equation (3.37) is more
correct. See [3] for a more detailed discussion of this aspect.
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We use the same notation φ̃ for the field
P as a function of ρ and n since the difference
is clear form the context. Here, n2 = 3i=1 ni ni and J(n/a) is the Jacobian for the
change of variables determined by (3.32),
J(v) =

ρ2 ∂ρ
,
v 2 ∂v



v=

n
.
a

(3.38)

The restrictions on ρ fix the asymptotic behaviour of J such that J → 1 for v  1,
and J → 0 for large physical momentum v. The equation of motion for φ̃(τ, n) can
be evaluated from (3.37) and is given by,
!
√
2
n
∂
(
J
a)
∂τ2 + a2 ρ2 ( ) − τ √
χ̃(τ, n) = 0 ,
(3.39)
a
Ja
√
where χ̃(τ, n) = a J φ̃(τ, n).
The standard equation of motion in equation (3.5) corresponds to the small
momentum limit of (3.39), where aρ ∼ n and J ∼ 1. The effects of Planck scale
physics, as encoded in the modified commutation relations, result in the modification
of the dispersion relation and in the appearance of J in the equation of motion. The
J dependence is a novel feature which is responsible for the trans-Planckian damping
which we will discuss in more details in the next section.
f ree
In the equation of motion (3.39), the free field dispersion relation ωphys
= n/a,
is modified to a non-linear, time dependent one,
ωphys = ρ ≡

n/a
.
f (n/a)

(3.40)

This is a generalization of the modified dispersion relations considered in [85–87, 90–
92, 94, 100, 101, 106, 108, 129–131]. However, the modification is no longer ad hoc, but
is determined by the nature of the uncertainty principle (3.30), through the function
f . As summarized in the paragraph following equation (3.27), this function satisfies
2
, the restrictions translate to the following:
certain restrictions. In terms of ωphys
• The linear dispersion relation ωphys = n/a emerges at small physical momenta
n/a.
2
≥ 0 and ωphys is always real.
• ωphys

• ωphys is bounded by ρmax which is fixed by the minimum length scale as 1/ls .
Thus, while there is no cut-off on the physical momentum ni /a, there is always a
cut-off on the effective frequency ωphys . These restrictions exclude some of the dispersion relations that have appeared in the literature as being inconsistent with the
minimum length uncertainty. Some frequently used dispersion relations are shown
in figure (3.1).
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Figure 3.1: Different dispersion relations.
The scalar field theory with the modified dispersion relation can now be second
quantized in terms of χ̃(τ, n) in the usual fashion. The modification of the commutation relation in the first quantized theory does not affect the field commutators of
the second quantized theory.
The most natural class of solutions to the restrictions on f consists of ρ increasing
monotonically with n/a. This avoids the problem of associating multiple momenta
with the same frequency. For example, let us consider the class of solutions in (3.28),
leading to
 n γ
.
(3.41)
ωphys = tanh1/γ
a
For these dispersion relations, the equation of motion in equation (3.39) has been
analyzed before in the special case of J = 1 [85]. The conclusion was that this
class of trans-Planckian modifications does not modify the spectrum of cosmological
perturbations calculated with the linear dispersion relation. We will discuss the case
of J 6= 1 in the next section.
Another form of f appearing in the literature is [127]
2(n2 /a2 )
f (n/a) = p
.
1 + 4(n2 /a2 ) − 1

(3.42)

One can numerically verify that the dispersion relation corresponding to this function has the same qualitative behaviour as the Unruh form (3.41), with an appropriate value of γ. In figure (3.1), this curve is labeled as “soft”. Hence one can infer
that for J = 1, it leaves the spectrum of cosmological perturbations unchanged. This
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conclusion is in disagreement with the result of [88] (and the follow-up analysis in
[93, 98]) which uses the same form of f , but implements the modified commutator
in a different manner. In their implementation the metric has off diagonal elements
mixing time and space components, making their definition of comoving momentum
problematic5 .
Next, we consider the generalized Corley-Jacobson type of dispersion relations
[85, 118] (see also equation (3.21),
!
m
2
2
X
n
n
ρ2 = 2 1 +
bq ( 2 )q .
(3.43)
a
a
q=1
Since ρ is not bounded, such dispersion relations cannot be associated with a
modified uncertainty principle with a minimum length scale. However, one could
regard these as low-momentum expansions of expressions that are bounded. Then ρ
will remain bounded as long as the expansion is valid. Contrary to the previous two
cases, the Corley-Jacobson dispersion relations need not be monotonic functions of
n. For J = 1 the effect of these on the cosmological perturbation spectrum has been
studied in [85, 87, 90, 92, 100, 101, 108] where it was found, as mentioned also in the
beginning of the section, that they could give rise to deviations from the predictions
of linear dispersion relation when bm < 0.
Until now we have seen how trans-Planckian physics, encoded in the modified
commutators, implies a bound on the free field dispersion relation. As discussed in
the beginning of this chapter, in models where inflation lasts for a sufficiently long
period of time, the CMBR anisotropies at the present epoch seem to have their
origin in fluctuations whose wavelengths, in the beginning of inflation, were smaller
than a Planck length. This assumes the validity the of standard red-shift formula for
the physical wavelength, λphys = 2π a(τ )/n, down to the Planck length and beyond.
One may try to understand, at least heuristically, the time evolution of wavelengths,
based on the modified commutators. The modified commutators lead to a wavelength
that cannot decrease below the Planck length. In an adiabatic approximation, the
wavelength of a plane wave is given by,
λ=

a n
2π
= 2π f ( ) .
ρ
n a

(3.44)

We take ρ to be a monotonically increasing function. At late times (large a), the
function f tends to identity and one recovers the usual red-shift formula. As we go
backwards in time (decreasing a), λ tends to a constant 2π (in units of ls ). Near
a = 0, a small wavelength band corresponds to a large momentum interval. This
behaviour is shown in figure (3.2), for an f associated with the Unruh dispersion
relation (3.41) with γ = 1. Thus equation (3.44) insures that at the end of the
inflationary era one still finds fluctuations of all possible wavelengths within the
5

Consider for example equation (4) in [88].
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n1 < n 2 < n 3
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1
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Figure 3.2: Time evolution of wavelength λ associated with momentum mode n.
observable universe without requiring sub-Planckian wavelengths in the early epochs.
One also does not need to continuously generate Planck scale modes at later epochs.
This argument, although reasonable, still remains heuristic since a plane wave with
the above wavelength is not really a solution of the equation of motion (3.39), due
to the time dependence of a. However, since the theory has an inbuilt minimum
length uncertainty, this picture does capture the qualitative behaviour of length
scales associated with the fluctuations.

3.4

Trans-Planckian Damping

In this section we will summarize some of the consequences of the the trans-Planckian
damping due the appearance of J in the equation of motion (3.39). We shall focus
on two interesting aspects. The trans-Planckian damping helps fixing the initial condition of the inflationary quantum fluctuations in a natural manner and it provides
a reduction of the degrees of freedom at high energies.
Note that, when the dispersion relation is modified by hand, one misses the
Jacobian J in the equations. This corresponds to J = 1 for which equation (3.39)
reduces to


∂τ2 a
2
2 2
χ̃M B (τ, n) = 0 .
(3.45)
∂τ + a ρ (v) −
a
This is the equation that has been used before the appearance of [3], in order to
study the cosmological implications of modified dispersion relations. It was analyzed
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in detail by Martin and Brandenberger [85] for the Unruh and Corley-Jacobson type
dispersion relations. But now we turn to discuss the consequences of the appearance
of J in the last term of equation (3.39). For simplicity we assume that the background
metric is that of de Sitter space-time, such that the Hubble rate is constant.
In order to see the effect of J, we write the equation of motion (3.39) in the
following more convenient form,
√

∂τ2 (a J)
2
2
2
2 2
√
∂τ + ωtotal χ̃(τ, n) = 0 ,
ωtotal = a ρ (v) −
.
(3.46)
a J
Here, v = n/a is the magnitude of the physical momentum and χ̃(τ, n) is the canonically normalized field given by
√
χ̃(τ, n) = a J φ̃(τ, n) .
(3.47)
2
The second term in ωtotal
is
"
√

2 # 
2 
 2 
∂τ a
∂τ a
1 ∂v J
v ∂v J
∂τ2 (a J)
v 2 ∂v2 J
√
.
−
+ 1−
=
2
J
2
J
a
2 J
a
a J

(3.48)

The behaviour of this term depends on the choice of the dispersion relation which
determines J through (3.38). During de Sitter expansion with Hubble parameter H
one has
 2 
2

∂η a
∂η a
2 2
=H a ,
= 2H 2 a2 .
(3.49)
a
a

Therefore the J-dependent term is suppressed by the small number H 2 .
The momentum range can be divided into four regions according to the behaviour
of the solution:

• At late times, when v << H (region III), the dispersion relation is linear and
ρ2 = v 2 (and the effect of J) can be neglected as compared to ∂τ2 a/a. The
(III)
relevant solution is χ̃(III) = Cn a.
• When H √
<< v <<
√ 1 (region II), the dispersion relation is still linear, but
now ∂τ2 (a J)/(a J) can be neglected and one gets an oscillatory solution
(II)
(II)
χ̃(II) = C1n einτ + C2n e−inτ . If the dispersion relation had not been modified,
then region II would have extended beyond the Planck scale, v = 1, all the way
up to the beginning of inflation. This is the standard scenario that consequently
suffers from the trans-Planckian problem.
• For non-linear dispersion relations, when v > 1 one enters region I. Then, for
the Unruh dispersion relation, ρ2 ' 1. Also, J ' 1 is still effectively constant
and can still be ignored. In the de Sitter phase, a2 = (Hτ )−2 and the equation
(I)
(I)
has an exact solution, χ̃(I) = C1n |τ |δ1 +C2n |τ |δ2 . The exponents are determined
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√
in terms of H, δ1,2 = 12 ± 21 9 − 4H −2 , and contain imaginary components.
Therefore, the solution in region I has an oscillatory nature. In the case of
Corley-Jacobson dispersion with bm < 0, at early enough times, ρ2 becomes
negative and the solution is damped.
• For dispersion relations with non-vanishing J, when v is sufficiently large, one
enters region 0. This happens as ∂v J becomes large. It appears as a damping
term analogous to the Hubble damping term, yielding the effective frequency
2
imaginary ωtotal
< 0. For the Unruh dispersion relation, the solution can typγ
(0)
(0) γ
ically be given on the form χ̃(0) = C1n e−v + C2n ev .
(III)

The power spectrum of scalar fluctuations is given by P = n3 |Cn |2 /2π 2 . For
dispersion relations for which J ' 1 for all momenta, such that the trans-Planckian
(III)
damping is absent, region 0 does not exist and the coefficient Cn is determined
(II)
(I)
in terms of C1n,2n and C1n,2n by matching the solution and its first derivative across
(I)
the boundaries of regions III, II and I. The coefficients C1n,2n are in turn determined
by the initial conditions at some (arbitrary) time τi in region I, which extends to the
beginning of the inflationary era. Depending on the dispersion relation, the power
spectrum may or may not acquire a non-trivial dependence on the initial state in
the form of a modified dependence on n. As such, there is no natural choice for
the initial state and, for oscillatory solutions, the best one can do is to pick up
the local vacuum state at time τi . This is based on the implicit assumption that
the modes are created in their ground state and that nothing drastic happens from
the beginning of inflation until time τi . This of course also applies to the situations
where the dispersion relation is modified by hand and the J factor does not appear
at all. However, if J 6= 1 the initial state problem can be addressed.
As an example we consider the
√ Unruh
√ dispersion relation (3.41) for γ = 3. The
variations of ρ2 (v) and a−2 ∂τ2 (a J)/(a J) with v are shown in figure (3.3). We
have taken H = 10−5 in Planck units. Below the Planck scale, v < 1, (regions III
and II) the modifications due to the modified uncertainty relation are absent. So
we will concentrate on the trans-Planckian regime. As v increases above the Planck
scale in region I (1 < v < 32), ρ2 soon approaches 1 and J (not shown in the
figure) decreases rapidly. However, the J-dependent term grows large in spite of the
suppression by H 2 . At the boundary between regions I and 0, the two terms are
2
= 0. Beyond this, we enter region 0 where the J-dependent term
equal and ωtotal
2
< 0. The appearance of imaginary frequencies in this model is a
dominates and ωtotal
consequence of the rapid expansion during which the presence of J and the red-shift
of physical momenta induce the trans-Planckian damping term. In other words, in
Planck scale processes at the present epoch, the frequencies are real and are given
by ρ2 > 0 alone. In this sense, the appearance of imaginary frequencies is not an
unphysical feature of the theory. In particular, one avoids the multiple valuedness of
momenta for a given energy which is a feature of non-monotonic dispersion relations
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Figure 3.3: The evolution of ρ2 and a−2 ∂τ2 aJ /aJ (aJ ≡ a J) for the Unruh dispersion

relation with γ = 3, as a function of momentum v.

considered in the literature6 . Region 0 is a new region that has not appeared in earlier
models.
Deep in region 0, we can ignore ρ2 in (3.46). The equation then has an obvious
solution,
√
3
(0)
(0)
(0)
χ̃1 (τ, n) ≈ a J C1n ∼ a e−v C1n ,
(3.50)
(0)

where C1n is an n-dependent constant. This is similar to the solution
in region III.
√
But now the modes are frozen because, due to the presence of J, they perceive
the universe as expanding much faster than it really does. The other solution is
√ Z τ dτ
a
3
(0)
(0)
(0)
χ̃2 (τ, n) = a J
≈ √ C2n ∼ a ev C2n .
(3.51)
2
a J
J
(0)

(0)

One can show explicitly that the dependence on n is given by C1,2n = n−3/2 C1,2 ,
which by successively matching to the solution in region I, II and III yields a flat
(0)
(0)
(0)
(0)
spectrum [3]. Comparing with (3.47) one finds that φ̃1 = C1n and φ̃2 = C2n /J.
The energy density in terms of the field φ̃ is given by


1
(3.52)
ε(v) d3 v ∼ v J (∂τ φ̃)2 + a2 ρ2 φ̃2 d3 v .
2
6

To compare with the earlier models, note that although we started with the Unruh dispersion
relation, ωtotal is reminiscent of the Corley-Jacobson case with bm < 0.
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As we go backward in time, the energy density for the first solution vanishes as
J(≡ 1 − ρ6 ), while the one corresponding to the second solution blows up as 1/J.
(0)
Therefore, it is reasonable to impose C2n = 0 as a boundary condition. Thus, deep
(0)
in the trans-Planckian region, the field χ̃1 starts from an extremely small value
and increases with time as the momentum is red-shifted. At the boundary between
regions 0 and I, ωtotal turns real and the solution starts oscillating. Since χ̃(0) is real
and has only one branch, χ̃(I) is also real and oscillates as a cosine. Note that the
damping effect of the J-dependent term has fixed the “initial state” in region I in
terms of the solution in region 0. For the Unruh dispersion relation, this is no longer
the adiabatic vacuum used in the literature.
Since the solution is strongly damped in region 0 and goes rapidly to zero, it is
possible to effectively fix the initial state at τi = −∞ even if inflation is not really
eternal in the past. This removes any initial time dependence of the final power
spectrum and thereby the arbitrariness in the initial state.
The behavior of ωtotal with v could change appreciably from the one depicted in
figure (3.3) for other dispersion relations. For the Unruh dispersion relations (3.41),
the length of region I decreases with increasing γ. Another interesting case is the
dispersion relation corresponding to (3.42), depicted as “soft” in figure (3.1). In this
case, the J dependent term in ωtotal always remains very small and as a result in
2
region I, well above the Planck scale, ωtotal
≈ ρ2 ≈ 1, and there will be no region 0.
Thus, the problem is very similar to the case of Unruh dispersion relation analyzed
in [85].
Finally let us see how the J-factor reduces the degrees of freedom. For simplicity
we restrict our considerations below to Minkowski space. In Minkowski space we can
write the action in Fourier space simply as
1
S=
2

Z

3



∗

2

∗

dtd pJ(p) ∂t φ̃ ∂t φ̃ − ρ (p)φ̃ φ̃



.

(3.53)

Thus, in flat space-time, the only effect of J is to modify the effective phase-space
volume as it will not effect theRequation of motion, simply because J is now timeindependent. Reintroducing ~, d3 pJ(p)/~ can be regarded as the continuum limit
of a sum over momentum states, which indicates that now a momentum mode p
occupies phase-space volume ∼ ~3 /J as opposed to ∼ ~3 in ordinary quantum
mechanics. For a ρ(p) consistent with the minimum length uncertainty, J decreases
for large p and hence the phase-space volume occupied by a momentum mode p
increases. Equivalently, the total number of degrees of freedom at high energy decreases. In string theory there is a similar reduction of degrees of freedom at high
energies which manifest itself by a change in the free energy near the Hagedorn
temperature THag [128]. To compare, we will now consider the effect of J on the
free energy at high temperatures. For simplicity, consider the Maxwell-Boltzmann
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statistics for which the free energy is given by7
Z 3 3
d qd p
F (T )
−
=
J(p)e−E(p)/T .
T
(2π~)3
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(3.54)

We can now conveniently use a model independent feature of ρ. We know that ρ is
only compatible with a minimum length if it is bounded. This implies
Z Λ
F (T )
V
−
=
dρρ2 e−ρ/T .
(3.55)
T
(2π~)3 0
where we also used E 2 ' ρ2 for a non interacting particle. By the usual method we
substitute x ≡ E/T = ρ/T ,
Λ/T

 2



Λ
−V
Λ
−Λ/T
3
dxx e =
T e
+2 +2 −2 .
(2π~)3
T2
T
0
(3.56)
d+1
Obviously when T << Λ one recovers the usual result −F (T ) ∼ V T , where d + 1
is the space-time dimension. But for T >> Λ one finds
F (T )
V
−
=
T3
T
(2π~)3

Z

2 −x

−

V
F (T )
=
Λ3 .
3
T
3(2π~)

(3.57)

This relation is somewhat similar to one obtained in a lattice field theory, although
here we are just incorporating dynamical effects into the field theory without really
thinking that we live on a discrete space. More interestingly this behaviour can be
compared to that of an open string above the Hagedorn temperature THag . It has
been suggested long ago by Atick and Witten that above the Hagedorn temperature,
T > THag , the free energy of an open string behaves like −F (T )/V T ∼ const like in
equation (3.57) [128].

7

There are some interesting related discussions in [132, 133].
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Chapter 4
Rescuing Pre-Big Bang
Phenomenology
In section 2.2.6 we showed that the adiabatic density perturbations generated in the
pre-big bang model has a spectral index n = 4 which is not comparable with observational constraints. However, in multifield models it is possible that the curvature
perturbation on superhorizon scales is not constant unlike in the single field inflationary model discussed in section 2.1.4 (and 2.2.6). This has been known for some
time [8, 134–139], and in particular it has been known that a late decaying nonrelativistic field could convert isocurvature perturbations into adiabatic curvature
perturbations1 [134–136]. The isocurvature perturbation is typically given by a field
that does not give any contribution to the total energy density perturbation or which
only contributes to second order, such that the perturbations in the field does not
contribute to the perturbations of the metric (isocurvature perturbations). However,
if the energy density of the field later starts to dominate the total energy density,
the field will at this point determine the metric perturbations. When it decays into
radiation, it effectively becomes the source of all the perturbations in the cosmic
fluid. This is similar to what happens in the ordinary reheating process in the single
field inflationary model. Thus, if the initial curvature perturbation is small, the final
adiabatic curvature perturbation will come only from the decaying field2 . The first to
apply this mechanism to explain the observed CMB anisotropies were Enqvist and
Sloth [1], in order to show that the pre-big bang scenario in this way can explain the
observed adiabatic density perturbations with spectral index n ' 1 [1, 2, 143, 144].
Lyth and Wands later named this mechanism3 , the curvaton mechanism [5].
1

Pure cold dark matter and baryon isocurvature models are ruled out by data [140]. However,
a correlated mixture of adiabatic and isocurvature perturbations are allowed to some level [141]
(See also [142]).
2
If it does not decay or does not decay completely, the perturbations in the field will be isothermal or entropy perturbations.
3
The curvaton mechanism has lately been the source of a considerable amount of research. An
incomplete list of work on the curvaton mechanism is [1, 2, 5, 143–174].
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The Curvaton Mechanism

The most elegant exposition of the curvaton mechanism is perhaps given by Lyth
and Wands [5] (see also [137, 145]). Here it is shown, without explicit solving the
gravitational field equations, that a change in the curvature perturbation on uniformdensity hypersurfaces is due to the presence of a non-adiabatic pressure perturbation.
More explicitly, let us consider the slicing (choice of constant time hypersurfaces)
of uniform energy density, which is defined to be the slicing where there is no perturbation in energy density, δρ = 0. Using the notation introduced in section 2.1.3,
˜ = δf − f 0 ξ 0 under a gauge
the perturbation of a scalar quantity f , transforms as δf
0
transformation. This means that δρ → δρ − ρ δτ for a transformation on constant
time hypersurfaces t → t + δτ . In this way we deduce from
δρ → δρunif = δρ − ρ0 δτ = 0

(4.1)

that

δρ
(4.2)
ρ0
is the time-displacement needed to go from a generic slicing to the slicing of uniform
energy density where δρunif = 0. From equation (2.28), we find that the curvature
perturbation ψ transforms into
δτ =

ψ → ψunif = ψ + Hδτ = ψ + H

δρ
,
ρ0

(4.3)

where H = a0 /a. Hence, the curvature perturbation on slices of uniform energy
density is given by
δρ
δρ
ζ ≡ ψunif = ψ + H 0 = ψ + H
.
(4.4)
ρ
ρ̇
This quantity is gauge invariant by construction. Using the equation of energy conservation
ρ̇ + 3H(ρ + p) = 0 ,
(4.5)
it can also be written as
ζ =ψ−

δρ
.
3(ρ + p)

(4.6)

The density perturbations can in general be split in two components: the adiabatic and the isocurvature component. If we let the cosmic fluid be composed of two
components i, j, then the gauge invariant definition of the entropy fluctuation is


δρi δρj
−
= 3(ζi − ζj ) .
(4.7)
Sij = 3H
ρ̇i
ρ̇j
Adiabatic fluctuations are characterized by having Sij = 0, which means that all
components fluctuate in the same way. Isocurvature fluctuations correspond instead
to relative fluctuations between components.
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If inflation is driven by only one field, the entropy perturbation vanishes on
superhorizon scales and the perturbations are adiabatic, but if more fields are present
during inflation then isocurvature perturbations will in general be generated.
Now, the pressure perturbation can be split into an adiabatic and an isothermal
(non-adiabatic) part
δp = c2s δρ + ṗΓ
(4.8)
where c2s ≡ ṗ/ρ̇. The non-adiabatic pressure perturbation is δpnad ≡ ṗΓ and
Γ≡

δp δρ
−
.
ṗ
ρ̇

Sometimes one also talks of the total entropy perturbation S, defined by


δp δρ
.
−
S ≡ −H
ṗ
ρ̇

(4.9)

(4.10)

The entropy perturbation Γ (or S) is gauge invariant and represents the displacement
between hypersurfaces of uniform pressure and energy density.
In [137], it was demonstrated that on large scales4 the curvature perturbation, ζ,
is constant if there is no non-adiabatic pressure perturbation. It can be shown that
on sufficiently large scales the change in the curvature perturbation is in fact given
by
H
δpnad .
(4.11)
ζ̇ = −
ρ+p
Generally it is reasonable to expect that during the inflationary epoch, there will
be scalar fields present which gives a sub-dominant contribution to the total energy
density. We will assume that one of these fields, the curvaton σ, is displaced from the
minimum of its effectively quadratic potential at the end of inflation. As the Hubble
rate drops below the mass of the field σ, it will start to oscillate in its potential,
and its energy density will scale like the energy density of non-relativistic matter
ρσ ∼ a−3 . After the end of inflation, when the universe is radiation dominated,
the energy density of the universe scales like ρr ∼ a−4 , and it is possible that the
curvaton field at some point will start to dominate the total energy density, before
it decays into radiation.
To see how the curvaton field, σ, converts the isocurvature perturbation into a
curvature perturbation, it is convenient to consider the curvature perturbation ζi
corresponding to the different components of the energy density. They are defined
on slices of uniform ρi , corresponding to the gauge-invariant definition (see equation
(4.4))
 
δρi
ζi ≡ ψ + H
.
(4.12)
ρ̇i
4

Defined as scales on which gradient terms can be neglected.
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If one evaluates ζσ for the curvaton on unperturbed (ψ = 0) hypersurfaces when the
curvaton starts to oscillate, one gets
ζσ =

1 δρσ
.
3 ρσ

(4.13)

Following [145], we write the total curvature perturbation in the following form
ζ = (1 − f )ζr + f ζσ ,

(4.14)

where the relative contribution of the curvaton to the total curvature is given by
f=

3ρσ
.
4ρr + 3ρσ

(4.15)

From equation (4.14) and (4.15), one sees that the curvaton perturbation, ζσ , is
initially of the isocurvature type, since ρσ /ρr → 0 in the early-time limit, which
implies f → 0.
Until the curvaton decays, the matter (curvaton) and radiation can be treated
as two separate fluids satisfying each their own energy conservation equation
ρ̇i = −3H (ρi + pi ) .

(4.16)

In [137], it was shown that ζi remains constant for adiabatic perturbations in any
fluid whose energy-momentum is locally conserved. Thus, before the curvaton starts
to decay, each ζi is constant on super-horizon scales. The evolution in the total
curvature perturbation ζ on these scales are then due only to the change in f , and
from equation (4.14) one obtains
ζ̇ = f˙ (ζσ − ζr ) = Hf (1 − f ) (ζσ − ζr ) .

(4.17)

From this expression one can see how the curvature perturbation changes as the
curvaton density grows with respect to the radiation, f˙ > 0. One can also easily
show that this is consistent with the expression in equation (4.11).
In the curvaton scenario, the initial curvature perturbation in the radiation is
typically very small ζr ≈ 0. Since ζr and ζσ are constant until the curvaton decays5 ,
it can be seen from equation (4.14) that the total curvature perturbation at the time
of the decay is
1
δρσ
.
(4.18)
ζ ' fdec ζσ = fdec
3
ρσ dec
All evaluated at the time of the decay, as indicated by the subscript dec. Thus, if
the curvaton dominates completely when it decays, we find
ζ'

δρσ
ρσ

,
dec

as it also was assumed in6 [1].
5
6

Here we assume for simplicity that the curvaton decays instantaneously.
On superhorizon scales ζ ' R.

(4.19)
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In this section we shall show that the Kalb-Ramond axion or one of the other axion
fields that appears in the effective action of string theory, can act as a curvaton field
and lead to the observed adiabatic CMB perturbations. This was originally done in
[1] and later investigated in more details in [2, 143, 144].
During the pre-big bang era, the curvaton (axion) field is constant and does
not contribute to the background. However, the canonically normalized quantum
fluctuation of the curvaton is amplified. In this epoch the curvaton field contributes
to the total energy density like a cosmological constant. After the universe has
entered the first radiation dominated era at conformal time τ = τr and when the
Hubble rate subsequently reaches Hosc ' m, the curvaton starts to oscillate in its
potential. From this point on, the energy density of the curvaton will behave like
matter and falls off like ρσ ∝ a−3 . This implies that the curvaton will soon dominate
energy density and at this point the Hubble rate is Hdom ∼ Ωmσr4 . Here Ω is a
conformal factor and σr is the value of the curvaton field at the beginning of the
first radiation dominated epoch. Finally the curvaton decays into radiation, and
the curvaton fluctuations induces the initial adiabatic density perturbations in the
cosmic fluid leading to the CMB anisotropies, as described in the previous section.
From requiring that the curvaton only dominates energy density after it has
started to oscillate in its potential7 we must require σr /mp < 1/Ω. Since the initial adiabatic density perturbation has a very blue spectrum (n = 4), we can also
safely assume that the curvature perturbations at the beginning of the first radiation
dominated era are negligible.
As discussed in section 2.2 the pre-big bang scenario is based on a four-dimensional
effective tree-level string theory action, which in Einstein frame can be written as8


Z
√
1
1
1
4
2
2
Sef f = 2 d x −g R + (∇φ) − (∇β) + Lmatter ,
(4.20)
2κ
2
2
where κ2 = 8π/Ms2 and Ms is the string mass. Here φ and β are the universal
four-dimensional moduli fields. In section 2.2.1, we discussed how this action can
be derived from 10-dimensional string theory compactified on some 6-dimensional
compact internal manifold. The matter Lagrangian, Lmatter , is composed of gauge
fields and axions, which we assume do not to contribute to the background.
The solution in Einstein frame to the equations of motion for the background
fields can in the spatially flat case be parameterized as [8] (see also equations (2.141),
7

If this is not the case, we are not really considering a curvaton model, since the curvaton will
then lead to some additional inflation [143], and would be more like a two field inflationary model.
8
Below we use a slightly different convention for the moduli field β, as compared to equation
(2.119). This is in order to be consistent with the notation in [1, 2]. The two definition are equivalent
up to a trivial rescaling.
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(2.120), (2.122))
τ
a = ar
τr

1/2

,

e φ = e φr

τ
τr

√
3 cos ξ

,

e β = e βr

τ
τr

√
3 sin ξ

. (4.21)

As mentioned above, in the pre-big bang scenario we identify the curvaton with
the axion field. It is convenient to split out the part of the matter Lagrangian that
contains the axion field Lmatter = Lgauge + Laxion , where we will parameterize the
axion Lagrangian in the following way
Z
Z


√
1
4
d x −gLaxion =
dηd3 xa4 elφ emβ (∇σ)2 + m2 σ 2 .
(4.22)
2

The non-minimal coupling of the axion is parametrized by l, m. From the action
in equation (2.106) one can read of the values of l, m for the Kalb-Ramond axion
(the Poincaré dual of the NS-NS two form) in the string frame. In Einstein frame
they would take the values l = 2, m = 0. However, in the case of a more general
compactification, there will typically be many axion-like scalar fields present with
different non-minimal couplings and thus l, m can in principle take a wide range of
positive or negative value of order one.
We are interested in the inhomogeneous fluctuations of the curvaton (axion) field
around a homogeneous background field σ = hσi + δσ. In the following σ denotes
only the background value of the curvaton field. It is useful to define a pump field
S = a exp(lφ/2 + mβ/2). Then the canonically normalized perturbation field is
ψk = Sδσ(k) and the perturbation equation can be written as
ψk00 + (k 2 −

S 00
+ a2 m2 )ψk = 0 .
S

(4.23)

In the pre-big bang era we can ignore the mass term in the perturbation equation
and the solution to the perturbation equation normalized to a vacuum fluctuation
in the infinite past is (see also the analogous discussion in section 2.1.4)
√
π √ (2)
ψk =
τ Hν (|kτ |) ,
ν = |λ − 1/2|
(4.24)
2
with λ(λ − 1)/τ 2 = S 00 /S. Note that ν, which determines the spectral index of the
perturbations like in equation (2.68), now depends on the pre-big bang background
dynamics through the non-trivial pump field S = a exp(lφ/2+mβ/2), so in principle
it can take any value depending on the values of l, m and ξ.
Since the perturbation equation (4.23) is the same as the background equation of
motion on scales where the gradient term can be neglected, one can argue that the
ratio δσ/σ stays approximately constant on superhorizon scales. One can explicitly
verify this, if one calculates the amplitude of the curvaton perturbation outside
the horizon in the post-big bang regime by matching its solution to the spectrum
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obtained at the onset of the first radiation dominated epoch as given in equation
(4.24) [2].
Matching the solution of the perturbation equation in the radiation dominated
era to the solution in equation (4.24) one then finds in the limit τ < τosc
C(ν)ar−3/2 Hr−1/2

δσ(k) = δσr (k) ≡
with

C(ν) =

√

2



k
kr

−µ

,

τ < τosc

Γ(µ)2µ
.
Γ(3/2)23/2

(4.25)

(4.26)

Thus, before the curvaton starts to oscillate in its potential (at τ = τosc ) σ as well
as δσ(k) are constant as one would expect.
One can then follow the full analytical solution9 to the epoch τosc where the
curvaton starts to oscillate in its potential. In the limit τ > τosc one obtains in this
way [2]
 1/4  −ν
Hr
k
Ã
,
τ > τosc
(4.27)
δσ(k) = √
a am m
kr
where

p
√
Ã = 2−3/4 Ω−1 2C(µ) Γ(1/4)/Γ(3/4) .

(4.28)

and Ω = exp(lφr /2 + mbr /2).
It is easy to see that
δσ(k) =

a

osc

a

3/2

δσosc (k) ,

τ > τosc

(4.29)

where δσosc is the curvaton amplitude at τ = τosc . Using the fact that the universe is
radiation dominated until the curvaton starts to oscillate in its potential, one may
use m = Hosc = Hr (ar /aosc )2 and obtain
Ã
δσosc (k) =
C(ν)



ar
aosc

3/2 

Hr
m

3/4

δσr (k) =

Ã
δσr (k) .
C(ν)

(4.30)

In this way one arrives at [2]
δσ(k) =

a

3/2 Ã
δσr (k)
a
C(ν)

osc

,

τ > τosc .

(4.31)

As expected, the curvaton field fluctuations are constant until the curvaton starts
to oscillate in the quadratic potential and the field fluctuations begin to fall off as
a−3/2 , just like the background field σ.
9

The full analytical solution and this discussion thereof is given in [2].
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There are now two possible cases. The case with a non-vanishing background
value of the curvaton field, and the case of vanishing background field. Only the
first one is relevant to us10 . In this case one can write
1
ρ σ = Ω 2 m2 σ 2
2

δρσ (k) = m2 Ω2 σδσ(k) ,

(4.32)

where Ω = exp(lφ/2 + mβ/2). The curvaton density perturbation becomes
δk ≡

δσ(k)
δρσ (k)
=2
.
hρσ i
σ

(4.33)

So after the axion has started to oscillate in its potential one gets
δσ(k)
Ã δσr (k)
=
σ
C(ν) σr

(4.34)

using that σosc = σr and that after the curvaton has started to oscillate in the
potential its amplitude falls off like a−3/2 . It is interesting to note that even if the
curvaton field fluctuations depend on Ω, the fluctuations in the curvaton energy
density itself does not. This peculiarity has also been noted earlier, see for instance
[175]. This also implies that the relation in equation (4.34) implicitly depends on Ω
through Ã.
Finally
k 3/2 δσ(k)
Hr
Ã δσr (k)
= Ã
= k 3/2
σ
C(µ) σr
σr



k
kr

3/2−ν

,

τ > τosc

(4.35)

which was obtained for the pre-big bang curvaton model in [1, 143] and for inflation
in [5] up to the numerical factor Ã.
If the curvaton starts to dominate energy density only after is has started to
oscillate in the potential we must require Ωσr < 1 in Planck units. Otherwise a
short era of inflation will arise [143]. Normalizing to the COBE observations, one
sees from equation (4.18) that one must require
3/2

10

−5

'

1/2
Pζ (k0 )

k δρσr (k0 )
' 0
ρ σr

(4.36)

which implies that a flat spectrum of CMB perturbations is only possible if [5]
Hr < 10−5 mp .

(4.37)

This is more or less the same as the constrain on the Hubble scale during slowroll inflation obtained in [176] from COBE observations. However for pre-big bang
10

A vanishing background field leads to non-Gaussian perturbations, which are ruled out by
observations [5, 145].
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scenario the situation is more interesting. In the pre-big bang scenario we expect
Ms ' Hr , hence, a flat spectrum would require
Ms < 10−5 mp

(4.38)

as observed in [1, 143]. This is a very low value for the string scale. It looks like the
amplitude of the curvaton field fluctuations is too large to be in agreement with
the standard string scale and the COBE normalization. However, there are several
ways how one can circumvent this problem. If the curvaton is to be identified with
an axion with a periodic potential 11 , the periodic potential can damp the density
fluctuations to the right level [1]. For a quadratic curvaton potential it was suggested
in [143] by Bozza, Gasperini, Giovannini, and Veneziano that a kink in the spectrum
might also do the job of lowering the curvaton field fluctuations to the right level12 .
There also exists another interesting possibility; the curvaton might decay before
it dominates the energy density13 . The curvature perturbation is then given by
equation (4.18), which yields
ζ=

ρσ
δρσ
.
4ρr + 3ρσ ρσ

If ρr >> ρσ at the decay, we get from equation (4.39) and (4.34)
 
δσr (k)
1 ρσ
ζdec '
2 ρr dec σr

(4.39)

(4.40)

Thus, if the pre-big bang curvaton field decays when it only contributes r = 10−3
of the total energy density, then by means of equation (4.40) we would get Ms =
10−2 mp . This is within the current constrains on non-Gaussianity from COBE data,
which yield r > 6 × 10−4 (see [145] for details on the non-Gaussian aspects of the
curvature perturbations). In this case the curvaton can not be the axion suggested
in [1], but must have a stronger interaction with the photons than what an axion
can offer. This possibility is exciting since r ' 10−3 can already be ruled out or
be confirmed by the MAP and PLANCK satellites. Note, that it has been shown
by Lyth, Ungarelli and Wands [145] that if r << 1 then CDM cannot be created
before the curvaton decays or by the curvaton decay itself because large correlated
or anti-correlated isocurvature perturbations are produced.
In the next two subsection we will see how respectively an intermediate string
phase or a periodic axion potential might also damp the curvaton field fluctuations
to the right level in order to be in agreement with a high string scale and the COBE
normalization.
11

One might fear that a periodic potential will lead to formation of topological defects. However,
if the potential has only one degenerate minimum i.e. if the anomaly factor is one (N = 1), then
the topological defects decay and do not pose a cosmological problem [177].
12
In [143, 144] Bozza, Gasperini, Giovannini, and Veneziano solved the field perturbation equations in order to demonstrate explicitly the details of the curvaton mechanism in the pre-big bang
scenario. They also did a more extensive investigation of the parameter space to obtain more exact
predictions.
13
This was first suggested by Lyth and Wands [5].
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The Effect of the Intermediate String Phase

From section 2.2.4 it is clear that a non-perturbative stringy cosmological era is
most likely needed in order to accommodate the gracefull exit. Thus it is reasonable
to assume that there is an intermediate string phase τs < τ < τr during which the
curvaton field fluctuations are frozen on super horizon scales. Let us parameterize
our ignorance about the string phase in a generic fashion. We let zs = ar /as denote
the ratio of the scale factor at the end of the string phase and at the beginning of
the string phase. Likewise, we denote by gr = exp(φ(τr )/2) and gs = exp(φ(τs )/2)
the string coupling constant at respectively the end and the beginning of the string
phase. In order to have enough inflation in the pre-big bang era, we must assume
1 < zs < 1020 [178]. It is also natural to assume gr /gs > 1.
Since it is δσ(k) which is constant on superhorizon scales and not the canonical
normalized field ψk , we should match δσ(k) at τs and τr . The matching implies that
the curvaton fluctuation spectrum is multiplied by an additional factor of [2]
Sr
Ss



τs
τr

−µ+1/2

=

zs−µ+3/2



Hr
Hs

−µ+1/2 

gr
gs

l 

br
bs

m

(4.41)

where we defined b(τ ) ≡ exp(β(τ )/2). When normalizing to the COBE observations,
this leads to a non trivial dependence on l, m.
As an example of a model in which the parameters l, m are non-trivial, one can,
as in [2], consider a non-linear sigma model in Einstein gravity where the scalar
fields parameterize a SL(3, R)/SO(3) coset [179]. In this model, the lowest order
action in 4-D Einstein frame reads [8]

Z
1
1
1
4 √
d x −g R − (∇φ)2 − (∇β)2
S =
2
2κ
2
2

√
√
1 3b+φ
1 − 3b+φ
1 2φ
2
2
2
− e
(∇σ3 ) − e
(∇σ2 ) − e (∇σ1 − σ3 ∇σ2 ) , (4.42)
2
2
2
where κ2 = 8π/m2p , φ is the 4-D dilaton, β is the moduli, σ1 is the NS-NS (KalbRamond) axion and σ2 , σ3 are RR axions. This model has been discussed in great
detail also in [8, 175, 179–181]. The action contains no potential terms, but one
expects them to be generated non-perturbatively. The perturbations of the axion
with the smallest tilt will dominate the energy density perturbation spectra. It has
been demonstrated that there are regions of parameter space where either of the
axions can be the dominating one and with a flat scale invariant spectrum [175].
The conformal factors for the three axion fields are [175]

Ω2i

=





e2φ
√

eφ−√3β
φ+ 3β
e

f or σ1
f or σ2
f or σ3

(4.43)
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From the definition of the conformal
√ factor just below equation (4.32), we find for
the third axion field l = 1, m = 3. For a flat spectrum with ν = 3/2, we then
obtain from equation (4.36)
10−5

g r Hs
>
g s Hr



br
bs

√3

Ms
mp

(4.44)

which, depending of the detailed dynamics of the string phase, can relax the bound
in equation (4.38) if for instance14 bs /br ∼ gr /gs >> 1, Hs /Hr . 1. But if we like
in [182] take the intermediate string phase to be a period of constant curvature,
frozen internal dimensions and linearly growing dilaton in the string frame, then
in the Einstein frame the curvature scale will not be constant but vary like the
string coupling Hs /Hr ≈ gs /gr , so even a very long string phase of this kind will
not improve on the bound in equation (4.38) for σ3 and for the Kalb-Ramond axion
σ1 with l = 2 it gets worse. A dual dilaton phase (also considered in [182]) with
frozen internal dimensions and decreasing curvature scale in the string frame might
even be problematic since it would change the bound in equation (4.38) in the
wrong direction. However, it is clear that an intermediate string phase of accelerated
expansion (accelerated contraction in the Einstein frame) and increasing curvature
scale (as considered in [183]) only have to be very short in order to relax the bound
in equation (4.38), with the curvature scale growing only two orders of magnitude. If
the internal dimensions are contracting, we can obtain a high string scale even with a
constant curvature scale during the intermediate string phase (in string frame) with
σ3 . If the internal dimensions contract fast enough the σ3 field might even work as
a curvaton if we have a decelerating dual dilaton phase.
The discussion above is of course just an example. Generally we expect as many
as 15 different axion fields in a SL(6, R) invariant model, which is the maximal
invariance for toroidal compactification from 10 to 4 dimensions, all with different
conformal factors [184]. Note that in the simplest case of sudden transition without
an intermediate string phase, all the different axion fields have the same amplitude
for modes crossing the Hubble scale at the start of the post-big bang era k ≈ kr . On
larger scales the amplitudes are fixed by the different spectral tilts and the field with
the smallest tilt yields the largest density perturbations. The increased symmetry
group will enlarge the part of parameter space where the spectral tilt of the dominating axion is close to flat and where l, m has non trivial values. In the maximal
case, the 14 other axions will have a more blue spectrum and only contribute fractionally to the density perturbations. It might be possible that some of the fields are
stable and can act as cold dark matter, leading also to an isocurvature or entropy
component in the density fluctuations. However, such scenarios depends on a more
detailed understanding of how the non-perturbative potentials are generated.
In this light it might be possible to obtain a flat spectrum in the pre-big bang
14

It is assumed that the extra dimensions are contracting in the pre-big bang phase as well as
in the intermediate string phase such that bs >> br .
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curvaton scenario with the standard string scale, but a more detailed understanding
especially of the nature of the graceful exit is still needed.

4.4

Periodic Potential

In the discussion above we implicitly assumed that axion perturbation spectrum is
flat. If the spectrum is blue the bounds improve. The ratio between the astrophysical
scales ka−1 and the smallest scale kr−1 , set by the string scale, is ka /kr ∼ 10−30 . Now,
if the spectral tilt is 3/2 − ν ' 0.13, we see from equation (4.35) and (4.36) that
the bound in equation (4.38) becomes trivial Ms . 0.1mp . On the other hand, if the
spectrum is red it will diverge on large scales (small k), and the bound in equation
(4.38) will become worse. However, a periodic potential for the axion will damp the
fluctuations on large scales, avoiding eventual divergences of the large scale axion
field fluctuations [1, 185–188].
It is possible that in the non-perturbative regime or at some early point during
the post-big bang era the axion acquires a periodic potential due to instanton effects
[185, 189]. This happens at some temperature TΓ whence the axion mass starts to
build up. As soon as the axion mass is of the order of the Hubble rate m ' H, the
axion field starts oscillating in the potential. Given a periodic potential of the type

 
ψ
1
,
(4.45)
V (ψ) = V0 1 − cos
2
ψ0
where ψ ≡ hσi + δσ and δψ(k) ≡ k 3/2 δσ(k), and assuming that the axion field is
Gaussian distributed with a zero average and a variance hψ 2 (~x)i, the average density
is given by



1 hψ 2 (~x)i
1
ρψ = hV (ψ(~r))i ≈ V0 1 − exp −
.
(4.46)
2
2 ψ02

The periodicity of the potential will damp the fluctuations which are larger than
the period of the potential. For a positively tilted (blue) spectrum, the damping
vanishes and the potential effectively reduces to a quadratic potential. In this section
we will therefore only consider the case of a negative tilted (red) axion spectrum
(γ ≡ 3/2 − ν < 0).
The relative density fluctuations of the axion field as the potential is turned on
is for a negative tilted spectrum given by [1, 185]


Z
(δρψ )k
1 δψk
1 kr dk |δψ|2
≈√
exp −
,
(4.47)
ρψ
2 k k ψ02
2 ψ0

where the exponential damping due to the periodic potential is explicit. For
model independent axion, which is the case l = 2 (l = 1 in string frame),
fluctuations will be completely damped away by the exponential factor. But
case with l = 1 (l = 0 in string frame) is phenomenologically more interesting.

the
the
the
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Figure 4.1: Levels of constant (δρa )k /ρa as a function of Ms /ψ0 on the horizontal axis
and γ on the vertical axis. The three lines correspond to (δρ a )k /ρa = 10−3 , 10−4 , and
10−5 . In the plot also ka /ks ≈ 10−30 and kosc /ks ≈ 10−7 are fixed.

us assume that the spectral tilt γ = 3/2 − ν of the axion field fluctuations is negative
but very close to zero. In [1] it was shown that from equation (4.47) one obtains
"
 γ

2γ
 2γ !#
(δρψ )ka
1 Ms2
−1
1 ka
Ms k a
kosc
exp −
−
.
=
ρψ
ψ0 k s
2 ψ02 2(γ 2 − γ) kr
2γ kr
(4.48)
Here kosc is the comoving scale that has just entered the horizon when axion starts to
oscillate at τ = τosc . As we shall see in the next section, we may take kosc /kr ≈ 10−7
within a few orders of magnitude.
In fig.(4.1) we have show a contour plot of (δρψ )k /ρψ as given by equation (4.48)
as a function of Ms /ψ0 and γ. We take the lower cut off on the momentum to be
kmin ' 0 such that ρa = V0 /2 from equation (4.46). For (δρψ )k /ρψ = 10−4 we find
that the right level of density fluctuations are obtained with γ in a reasonable range
−0.04 < γ < −10−5 when 0.1 < Ms /ψ0 < 0.6 (If Ms /ψ0 & 1 then for a negative γ
the fluctuations are completely damped away for both l = 2 and l = 1).
From fig.(4.1) we also see that if ψ0 differs only within a few orders of magnitude
from Ms we get γ & −0.05 which correspond, when the effect of the exponential
damping is taken into account, to a bound on the spectral tilt of the adiabatic
density fluctuations, ∆n, in the range 0 < ∆n . 1. This can be verified using
equation (4.51). It is potentially in agreement with experimental bounds [190].
If we require (δρψ )k /ρψ ∼ 10−4 and set γ = −0.01, we obtain Ms /ψ0 ≈ 0.4.
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It is likely that string theory axions can have a decay constant ψ0 ≈ 1017 GeV,
which would lead to a present string coupling in the lower limit of the theoretically
favoured range gs ∼ 0.1 − 0.01. In any case, the possibility of realizing this idea
depends on the compactification.
When Ms /ψ0 is very small, less than 10−4 , the damping switches off. This means
that even in this case γ can be close to zero with a small but negative spectral tilt
∆n = 2γ (see equation (4.50) and (4.51)).
Finally we note that if eβs 6= 1, the ratio Ms /ψ0 either increases or decreases,
depending on the sign of m. It is interesting to note that m can have both signs.
In models with an SL(3, R)-invariant
effective
action there are three axions with
√
√
respectively m = 0, m = − 3, and m = 3 as can be seen from equation (4.43).
Let us now estimate the spectral index of the CMB fluctuations corresponding to
a slightly negative value for the axion tilt γ. The density perturbations normalized in
a logarithmic (δρψ )k /ρ are related to the Furrier component of the axion (curvaton)
energy density in equation (4.33) by
k −3/2

(δρψ )k
= δk .
ρ

(4.49)

So if we define ξ as the effective tilt of the axion density perturbations
(δρψ )k
∝ kξ ,
ρ

(4.50)

then the spectral index of the perturbations are given by n = 2ξ + 1 and the spectral
tilt ∆n ≡ n − 1 is given by
∆n ≡ 2ξ
(4.51)
For a positive tilt with ξ = γ ∼ 0.13, as mentioned in the beginning, we would
get a spectral tilt ∆n = 0.26. The resulting index is below n = 1.32 which is the
upper limit given by WMAP [190]. For a small negative tilt γ > −0.05 the damping
factor in equation (4.47) implies that this gives rise to a slightly positive tilted (blue)
spectrum of density fluctuations 0.3 . ∆n . 1. Only if the ratio Ms /ψ0 is very small,
such that the damping switches off, it is possible to get a negative tilt.
Since the axion potential is highly non-linear, it is not trivial to solve the perturbation equation mode-by-mode and to compute the perturbations after the onset
of the potential. For a quadratic axion potential, valid for small field values, one
finds that at low frequencies the spectral tilt of the energy density is unchanged
after the onset of the potential as discussed in section 4.2. However, it would be important to study the evolution of the field fluctuations in the non-linear regime on
superhorizon scales after the potential is generated and the axion mass has become
larger than the Hubble rate, in this way one could check whether the evolution of
the fluctuations on superhorizon scales in this case affects the spectral tilt.
To understand what happens after the potential is turned on at least qualitatively, we divide the field ψ in its large scale component, which at scales l = k −1
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behaves as a constant classical field ψc (l−1 ), and its short wave length part δψ corresponding to momenta k ≥ l−1 ,
ψ = ψc (l−1 ) + δψ

(4.52)

ψc (l−1 ) = ψc + ψ̃(l−1 ) .

(4.53)

where
Here ψc (l−1 ) includes the classical scale independent field ψc together with a contribution ψ̃(l−1 ) from all the fluctuationspwith momenta smaller than k. The dispersion
of the long-wave perturbations σ̃k = σ 2 − σk2 , is given by
Z k
2
d ln k |δψ(k)|2 .
(4.54)
σ̃k =
kmin

If σ̃k is comparable to ψc then ψc (l−1 ) will indeed depend on x on scales larger than
l. Thus, the classical field ψc (l−1 ) will be uniformly distributed among all possible
values and the average energy density will be given by ρψ ' (1/2)V0 as in equation
(4.46).
The constant axion field ψc (l−1 ) starts to oscillate near the nearest minimum
of the potential and after a few oscillations, as the amplitude of the coherent oscillations decreases, the potential effectively becomes quadratic. This is equivalent
to the statement that the axions will behave like non-relativistic matter when they
oscillate coherently in the potential. At this point the energy density will scale as
ρψ ∼ V0 (ψ 2 /ψ02 ) and the density perturbations as (δρψ )k ∼ V0 (ψδψ)/ψ02 . Hence,
ρψ (k)
δV (ψ (k))
δψ(k)
∼
∼
ρψ
V (ψ)
ψ

(4.55)

where ψ can be identified with ψc (l−1 ). This is valid if ψc (l−1 ) is larger than the shortwave length dispersion σk which will be the case for a negatively and approximately
flat spectrum.
Since ψc (l−1 ) evolves in the same way as δψ(k), we note after the point when
we can treat the potential as being quadratic, the ratio in equation (4.55) remains
fixed up to some scale-independent factor that does not destroy the scale invariance
of the spectrum as also discussed in section 4.2. However, a computer simulation
would be needed to check whether something non-trivial happens in the short era
in between the topological damping sets in and the linear approximation is valid.
Also, since δρψ ∼ δψ(k) in equation (4.55) and (4.47), the density fluctuations
will be Gaussian.
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From requiring that the energy density contributed by the curvaton at the beginning
of the radiation dominated epoch is less than critical, we obtain an upper bound on
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the curvaton mass and the reheat temperature. From
ρσ < ρ c ,
we have

τ = τr

(4.56)

1 2 2 2
Ω m σr < 3m2p Hr2
2

(4.57)

which leads to
1/2

10−5 ' Pζ

k 3/2 δρr
m
>
.
ρr
mp

'

(4.58)

Above ρc = 3/(8π)H 2 Mp2 is the critical energy density.
Let us now check that the axions have a chance of dominating the energy density,
as was assumed in the previous section. To estimate the life time of the massive
axions, we parameterize the interaction between the axion and the gauge fields as
(σ/M 0 )F F̃ ,

(4.59)

where M 0 ∼ π 2 ψ0 generally depends on the compactification [139, 189]. A typical
axion lifetime is [139, 189]
τ ≈ M 02 /m3 ,
(4.60)
where the axion mass m is given by

m ≈ 10

Λ3
.
Mp M 0

(4.61)

With M 0 ∼ 1018 GeV we get m = 106 GeV and thus kosc /ks ∼ 10−7 as claimed
in the previous section. Like in [189] we will assume that Λ ≈ 1014 GeV. Defining
R ≡ M 0 /Mp one finds that
Mp8
τ ≈ 10 R 9 ≈ R5 · 1023 GeV−1 ≈ R5 · 10−2 sec .
Λ
−3

5

(4.62)

The average energy density in the non-relativistic part of the axion field after
the potential is turned on reads
1
ρσ = hV (ψ(~r))i ≈ V0 ,
2

(4.63)

which implies that the relative energy density of the axions is
Ωσ =

4π V0
ρσ
=
.
ρc
3 Mp2 H 2

(4.64)

To evaluate Ωσ at the time the potential is turned on, we use the fact that at this
time the Hubble paremeter H has the same order of magnitude as the axion mass.
Typically we can also take [139, 189]
V0 ≈

Λ6
Mp2

(4.65)
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so that we obtain
Ωσ ≈ 4π

02
Λ6
−1 M
'
10
= 10−1 R2 ,
Mp4 m2
Mp2

81

(4.66)

Thus the axions do not dominate energy density at this point. The axion behaves as non-relativistic dust and soon starts to dominate the energy density. Let
us evaluate the reheat temperature TRH as the axion decays into photons. Since
1/2
4
H ≈ 1.66g∗ T 2 /Mp so that H 2 (t = τ ) ≈ 41 τ −2 ≈ 2.8g∗ TRH
/Mp2 which implies that
TRH =

1/2
−1/4 Mp
0.55g∗
1/2

τ

(4.67)

we obtain
TRH ∼ R−5/2 10−2 GeV .

(4.68)

If we define Tosc as the temperature of the universe when m ≈ H, we find
s
s
mMp
Λ3
∼ R−1/2 1011 GeV .
(4.69)
Tosc ≈
≈
1/2
RM
p
5g∗
We denote the temperature as the axions decay by TD . Noting that TD < TRH and
Tosc > 1011 GeV, we see that the temperature difference between Tosc and TRH is
almost 10 orders of magnitude. During a matter dominated epoch the temperature
scales like the inverse scale factor squared, so the density of matter with respect
to radiation will grow approximately 5 orders of magnitude. We can conclude that
indeed the universe will have time to become matter dominated after the axion mass
is turned on and before it decays.
In [139] the entropy production associated with the decay of the axion was calculated as
 2 
−3
Λ
A0
15
∆s ' 10
R4 Ωr−3/4
(4.70)
M0
1014 GeV
where A0 ∼ M 0 /π is the initial displacement of the axion VEV and Ωr ≡ Nr /Ntot .
Nr is the number of degrees of freedom in spin 0 and 1 fields charged under the
gauge groups of the observable sector. Ntot is the total number of degrees of freedom
in spin 0, 1, and 2. We expect 0.01 . Ωr . 1. By tuning the parameters slightly, it
is possible to obtain a reasonable amount of entropy production of 8 to 10 orders of
magnitude in order to dilute dangerous relics [139].
Let us choose as a typical example R ∼ 10−2 . In this case TRH = 103 GeV, but
one needs to tune the other parameters in order to have enough entropy production
to dilute dangerous relics. If R ∼ 1, then one is about to get in trouble with a too
low reheat temperature TRH = 10 MeV, but there is plenty of entropy production.
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Chapter 5
Summary
We have essentially explored two possible ways, in which fundamental physics beyond Einstein gravity could influence our understanding of cosmology. Based on [3],
we have investigated the effects of fundamental physics on the standard inflationary
scenario. We have also explored how adiabatic density perturbations can be generated in an alternative scenario called pre-big bang cosmology. The latter discussion
was based on [1, 2]. Whether fundamental physics will affect cosmology in an observable way is still an open question. One consequence of the pre-big bang scenario
seems to be that the observed CMB perturbations stems from the curvaton, as first
pointed out in [1]. Of course, the curvaton is not a unique signature of pre-big bang
in the sense that it can also be incorporated in a more standard inflationary model.
In this case it forms some non-minimal inflationary model where the inflaton is not
responsible for the generation of cosmic perturbations. On the other hand, inflation
is only a paradigm that must be incorporated in some grander theory. Pre-big bang
can be viewed as such kind of a realization of inflation in a more fundamental theory
namely string theory, where both the inflaton and the curvaton naturally appears
as respectively the dilaton and the Kalb-Ramond axion. Quoting Kolb and Turner:
“The inflaton should spring forth from some grander theory and not vice-versa” [27].
If observations in the future tends to suggest that the CMB perturbations originates
from the curvaton, the present author will take it as a small indication that a pre-big
bang like scenario might be the right description of our universe.
We have also explored trans-Planckian effects in standard inflationary scenarios.
It is still not clear whether such effects will be observable, but certainly an understanding of trans-Planckian physics is needed for the consistency of the perturbation theory, unless the inflationary scale is very low and inflation has lasted just
the needed amount of e-foldings. The model of the dynamics of perturbation modes
in the trans-Planckian regime, which has been discussed here based on [3], seems
to yield a natural way of fixing the initial vacuum of the perturbation modes. In
addition, it leads to the new feature of trans-Planckian damping, the cosmological
consequences of which it would be interesting to investigate in more detail in the
future.
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